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Abstract 

In the present work, authors presented characterization on continuity of Fredholm operators when 

perturbed by orthogonal idempotents in Banach space. In particular, authors show that these operators 

are continuous under pertubations in Hilbert spaces. 
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Introduction 

Continuous operators have become one of the 

most important classes of linear operators in 

Banach spaces and it has appeared as an 

interesting area of pure mathematics that is 

concerned with the global and topological 

properties of systems of differential equations 

[1-4]. Therefore, many researchers have 

considered several types of Fredholm operators 

and perturbation classes of Fredholm operators 

for research.  In  [5-6] the authors obtained 

results on Fredholm operators and its 

applications  while  [7]  analyzed  perturbation 

classes of Semi-Fredholm and Fredholm 

operators  noted  that  the closed and  densely 

defined linear operators on  Banach spaces are 

either  upper semi-Fredholm operators or lower 

semi-Fredholm operators.  In [8] the researchers 

studied perturbations of spectral operators and 

applications to identity of bounded 

Perturbations.  

Further, [9] obtained results on the 

characterization of unbounded and bounded 

Fredholm operators, and solved some problems 

on Fredholm alternative.  The study of [10] 

showed that invertibility preserving maps 

preserve idempotents in Banach spaces and on 

the other hand [11] worked on the linear maps 

preserving the set of Fredholm operators.  

Moreover, [3] researched  extensively on 

perturbations and Weyl's theorem while [5] 

thoroughly worked on Weyl's type theorems and 

perturbations, also, [16] surveyed on 

Perturbation analysis of generalized inverses of 

linear operators in Banach spaces and new 

stability characterization of generalized inverses 

in Banach spaces applicable in global analysis, 

and necessary and sufficient conditions that 

Moore-Penrose is continuous in Hilbert spaces.  

Therefore, [8-9] carried out  a research  on  the 

norm of Idempotents in  -algebras  and range 

projections of idempotents in algebras and 

[1] researched on  the maps preserving Fredholm

operators on Hilbert modules.  

Moreover,  [19]  gives characterization of  

closed Fredholm and semi-Fredholm operators 

and its perturbations while [10] obtained 

necessary and sufficient conditions for the 

continuity of the spectrum and spectral radius 

functions at a point of a Banach algebra and [1] 

characterized Hankel and Toeplitz transforms on  

 by considering Continuity, Compactness and 

Fredholm Properties.  

Authors in [2,5] determined spectrally 

bounded Jordan derivations on Banach algebras 

and norm derivation respectively.  The algebras 

generated by mutually orthogonal idempotent 

operators was studied by [8] and established that 

finite dimensional spaces and commuting 

families of idempotents are diagonalizable and 

generates reflexive algebras.  Lastly, the study of 

the numerical ranges and the spectrum has been 

fascinating area of study to many 

mathematicians, for instance [4] described the 
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closure of the numerical range of the product of 

two orthogonal projections in Hilbert space, and 

in a closed convex hull of some explicit 

parameters of a point in the spectrum.  Many of 

the researchers have characterized Fredholm 

operators and determined properties for the 

invertibility of compact operators in Banach 

spaces but not for the continuity of Fredholm 

operators when perturbed by orthogonal 

idempotent in Banach spaces. In this paper we 

consider continuity of Fredholm operators when 

perturbed by orthogonal idempotents in Banach 

spaces. In this research, continuity of Fredholm 

operators when perturbed by orthogonal 

idempotents in Banach spaces have been 

discussed in detail.   Subsequently, the following 

definitions are fundamental to this work. 

Preliminaries 

Definition 2.1 

Let X  and Y  be normed linear spaces and 

YXT : be a linear map. Let .
X

and   .
Y

 

denote norm of  X  and  Y  respectively,  then   

T  is continuous if  whenever  ff
n
  implies 

that    fTT f
n
       then 0lim  ff

n X
n

  

      .0lim  fTfT
n Y

n

 

Definition 2.2    

Let  T be densely defined closed operator on .X  

T is said to be Fredholm operator if and only if 

that:   T   is finite,   T  is finite and   TR  is 

closed in  .X    T  is upper semi-Fredholm 

operator if   T  is finite,  and   TR  is closed 

in  X  are satisfied, while it is a lower semi-

Fredholm  if    T  is finite,  and   TR  is 

closed in  .X  

Definition 2.3    

An operator T  is uniformly continuous if for 

every 0  there is a positive integer M  such 

that  xx nm
 whenever .Mmn   

Definition 2.4    

A sequence    HB
nB Nn




 is uniformly 

convergent to  HBB 


 if 

,0lim 
 BBnn

 is strongly convergent 

to   HBB 


  if for all  Hf   and  

,0lim 


ff BBnn
 or weakly 

convergent to   HBB 


 if for all  Hgf ,  

and  .0,lim 


gff BBnn
 

Definition 2.5    

Let   .HBQ   Then Q  is an idempotent if   

QQ 
2  is satisfied. 

Results and discussion 

In this section authors have characterized  

continuity of Fredholm operators perturbed by 

orthogonal idempotents in Banach spaces.  

Proposition 3.1.      

Let    be the three dimensional and    

.   Then    is continuous 

and    if and only if there exists 

    such that 

 and    

. 

Proof.    

Suppose   ,   then     and     are linear we 

have    and    and  

   with      

Furthermore, if    then    and      are 

continuous. Let    for all     

such that     and  

     Therefore,  

   and    

    are orthogonal  

idempotents satisfying     

 and  .    

Hence       and       are 

continuous at       

Proposition    3.2.     

Let    be two dimensional.  Then 

  is continuous if and only if for 

every      there exists  

    such that     and   

    

Proof.   

Let      and      then  

  or   such that     and     

are continuous at      Since       

then      satisfying that       

and       Suppose      then  

    and since      is a  rank one 
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orthogonal idempotent  satisfying       

Then,   for all    with  

  or there exists       for all  

  such that     Therefore,  

  is continuous  for all    and    

respectively.  Hence     and     are 

continuous at   

Proposition 3.3.         

Let    be the four dimensional and  

 ,
1

HFJ OI
       then   HT FOI

  is 

continuous if for every   

   IHFEEE OI
,0\,,

321
   satisfying  

,
1111 JEEJ      ,

11





EJ    

,
2332 EEEE    





EE 32

and  

    .
3211





EEEJ   Hence,  

    .
3211





EEEJ  

Proof.      

Let   J 1
  then     JJ I

11
   such that   

J 1
  is continuous at    .HFOI

      

Therefore, with respect to the direct sum 

decomposition of       JJF H
OI 11

kerIm     

and  .
00

0
1 










I
J   If    ,,0\,,

321
IEEE    

then  





 EJJEEJ 111111
,     and   











DE 0

0
1


   for all  I,0    and  

 .ker
11 JJD  

Therefore,  the direct sum decomposition of    

  DDH JFOI
kerImIm

1
     for all     

 HD IJ O
,

1
   



















000

000

00

1

I

J      and   

.

000

00

00

1

















 IE



 Hence,    EJ 11
  having   

  we have the matrix    

for all     From       ,
3211





EEEJ   

we have   





















I

IE





3

2

1

2

00

00

00

  and    





















I

IE





6

5

4

3

00

00

00

     with  ,,0 I
j
   

.6,...,1j    Let ,
22 EE I    we have  0

1
   

and     .0
4
    If   ,

52
    then without the 

loss of generality we have  I
1

    and   

0
5
  and it implies that  .

6
I    Hence   

    .
3211





EEEJ   Suppose    J 1

 does  not 

belong to   ,HFOI
 then direct  sum 

decomposition of  

  HHHHF H
OI 4321

   with  

HHJ 211
Im   and  .ker

431 HHJ     

We have   ,

0000

0000

000

000

1






















I

I

J      such that   

EEE 321
,,  defined by  

,

0000

000

0000

000

1






















I

I

E     ,

0000

0000

0000

000

2























I

E   

and   .
13 JE    Therefore,   ,

1111 JEEJ    

,
11





EJ  ,

2332 EEEE 





EE 32
 and  

hence      .
3211





EEEJ  

Proposition 3.4.      

Let   HT FOI
  and     .,

21
HIJJ O

    Let   

VVT
21

:   be a continuous map, then it 

implies that   VV
nn

T
21

:  is also a continuous 

map. 

Proof.    

Let    VVT
21

:     be a continuous map of 

orthogonal idempotents J 1
   and .

2J Then, if  
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 HG FOI
   such that  G  can be decomposed 

into a direct sum GGG
21

    where G1
 is a 

closed subspace of dimension  .1n     

Therefore,  GG TTTG
21

   is closed and 

continuous, thus GT
1
 is also closed and 

continuous.  Hence, every direct sum of a closed 

subspace with a finite dimensional subspace is 

closed. 

Proposition 3.5.    

Let  .
1

HT FT OI
   Then   

   VVT nn 211
:      is a continuous map on  

V 1
 and  V 2

 such that    VVT
2

*

1
:      is also 

a continuous map.  If for every   VU
1

   and   

,
*

1Vf    we have  0
*

fU   if and only if  

  .0
1

TfUT   Then  HT FOI
    is compact 

and  TUT TUT
1*

1


  for all  ,

n
U    and   

 .,
21

HIVV O
  

Proof.  

Let   b  be a scalar, such that      TfbgbfT       

for all Vf
*

1
  and       ybby TgT

111 
  for 

all .
*

1Vy   Suppose    VU
1

  and  

VVTUT
2

*

1

1*
: 


 is continuous with an 

orthogonal idempotent of the rank  ,n  then  

TUT TU
1*

1
kerker


  and  

TUT TU
1*

1
ImIm


  such that  TUT

1* 
  

and  UT 1
   are continuous orthogonal 

idempotents which are equal.  For instance,    

TUT
1* 
is bounded and continuous for every  

 .
1VU    Moreover, if  Uy T1

ker   then 

Tfy    for all  Uf
*

ker   and  

TUTU Tf
1

*

1

*
kerker   such that   

TUT TU
1

*

1
kerker    for all  .

1Vn
U      

Suppose n  co-dimension exists; for every 

continuous closed  subspace of Vz
2

     we 

have   VU
1

   such that   Uz T1
ker   for 

all    UTUT TTU
*

1

*

1
kerkerker      and   

    UTTT Uz
*

111
kerker    is compact.  

Since  T    and  T1
 are continuous operators, 

there exists a sequence  Vy
r 2
  with  0y

r
 

and    0
1

 yT r
  as   ,r   with 

  ,0xi
   Vxx ni 1

, . . . ,   and   xx ni
,...,     are 

continuous.  Similarly, if   Vff
ni

*

1
,...,      and  

 ,xf ji
   nji  ,1    then  ff

ni
,...,  and   

TfTf
ni

,...,  are continuous and there exists   

Vc
*

2
   such that   1

1
fTc    and   

    .0...
22
 ff TcTc    

Theorem 3.6.   

For a positive integer  HIJJ O


21
,   such 

that   HFJJ OI


21
,   and  JJ 21

  

satisfying the following: 

(i.)   1
21
 JJrank   and either 

JJ 21
ImIm   or .kerker

21 JJ   

(ii.) There exists Jx
1

Im   and f  

continuous at   HFOI
f

*

 such that 

    fxf JJJ 
121

,0Im  or a nonzero 

Jx
1

ker  and     ,
*

HFOI
f     0k e r

1
J  

and  .
12

fxJJ   

(iii.) For  ,, HDC FOI
   satisfying 

DC    and      .
21 ,, DCJJ



   

Proof.  

Case (i.):   Suppose  J 1
 , and  JJ 21

  

such that    .1
21
 JJrank   Thank,  let 

,
11  


n

q qq htJ  Htt n
,...,

1
  and  

 Hhh n

*

1
,...,   are continuous at   ,HFOI

  

then  sk
n

q qq htJ  12
 for Hk and  

.
*

Hs  If both operators   tt n
k ,...,,

1
 and  

 hh n
s ,...,,

1
  are continuous at J 2

 yields 

JJ 21
ImIm    then they are continuous 

orthogonal idempotents.   If  JJ 21
ImIm   and  

JJ 21
kerker   or   hhspanh

21
,...,  we 
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obtain .kerker
21 JJ    In addition, let Jx

1
   

and    Hf FOI
   such that fx   if for  

JJ tt
11

Im  and since  fxJ 
1

 is an 

orthogonal idempotent and continuous.  

Therefore,   0xf   and     0Im
1
Jf    from   

  .
1 1

2

fxJfxJ   

Case (ii.)   Suppose fxJJ 2 1
  for  

Jx
1

Im   and    HFOI
f

*

   satisfying  

   0Im
1
Jf  and that  ,, HDC FOI

   

satisfying DC    and     DCJJ ,, 21



  are 

orthogonal idempotents.  Therefore,  

    THT JFJJ OI
kerIm:

21 1, 


   

and .kerkerIm
1

fT J   Assuming that  

CIm  ,Im
1J  then Ct Im  while s    and t   

not in J 1
Im  we have ttt

21
   with     

,Im
11 Jt    Jt 12

k e r    and  .0t    If    

fJyy
n

kerker,...,
11
   such that  

,0,...,
1

yy
n

  there exists 

 HFff OIn
,...,

1
 for all 

    nrJf
r

,...,1,0Im
1

   and     .0
121

 tftf    

Then   




n

r rt JJf1 21,   and  

JC
1

ImIm    are orthogonal idempotents of 

the rank  n  thus,  JC
1

ImIm    and 

JD
1

ImIm    also CfJ kerkerker
1

  and   

.kerkerker
1

DfJ   

Case (iii.)  Now if  DC   and DC ImIm   it 

follows that  DC kerker    such that  

DC kerker   is of co-dimension at least 1n    

since  .kerkerkerker
1

DCfJ    It implies 

that   ,kerkerkerker
1

DCfJ     thus 

 JJ 21,


 is satisfying if for some Jx
1

ker  

and     ,
*

HFOI
f   we have   0ker

1
 Jf   

and .
12

fxJJ   Since J 1
  and J 2

 are 

orthogonal idempotents and ,
21 JJ   we have 

JJ 21
kerker    or .ImIm

21 JJ    If   

JJ 21
kerker   then JJ 21

kerker    and  J 1
 

is continuous with finite codimension of   

JJ 21
kerker    and  if  HP FOI

   be a 

finite dimensional then  

  PJJJ 
211

kerkerker   such that  

    .kerkerIm
211

PH JJJFOI
    

Furthermore,    HFOI

*  satisfying   

    0kerkerIm
211
 JJJf    and 

.Im
1Jx  If JC

1
   and ,

1
fxD J    

then D  is an orthogonal idempotent of rank .n    

Therefore, if  JJT
21,



  we have  

TJ kerIm
1
  with  JJ 21

ImIm   such that 

0TD  and  JJT
21

kerkerIm   implies 

that    0Im Tf   and  .0TD    Since  

   DCJJ ,, 21



  it follows that  

,kerkerker
11 JJ f   and if for all 

 Ha FOI
  we have   

   aspanfJJ  kerkerIm
11
   and 

        .kerkerIm,0Im:
11, fTTHT JJFDC OI






  Therefore,   fJJ kerker
12
  is orthogonal 

idempotent operator, hence 0
2

TJ  for all 

  .,DCT


   Hence, J 1
  and J 2

  are 

continuous identities on JJ 21
ImIm    and 

both orthogonal idempotents on ,kerker
1

fJ   

thus the space  fJJ kerkerIm
11
   is 

continuous with a codimension one in  .HFOI
  

Therefore,  it follows that ,
21 JJ   then we 

have   .1
21
 JJrank  

Corollary 3.7.   

Let  HT FOI
  and   HFOI

   then  J 1
  

and J 3
  are orthogonal idempotents continuous 

at   such that   J 1
 J 3

  for all   

 .,
31

HFJJ OI
  

Proof.   

Let       JJJJJy
43431

,:\   then 

every member of y has a rank of one, for 

instance yAA 
21

,  then   .1
21
 AArank  

Similarly, hgfx   is of rank one if for x   
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and g are continuous at f and g respectively.  

From Theorem 3.6, if  HD FOI
  is of rank 

one then we have    1
21
 AArank   for all 

.
21

DAA    Moreover, if  

      HFHF OI
ffx

OI
x

**

:     for all   

 Hx FOI
   we have  

     HFF OI
xfxfH

OI

*

:   for all  

   .
*

HF OI
f     Therefore, y  is continuous at  

 Hx FOI
   and     .

*

HFOI
xy    Hence  J 1

  

and J 3
 are orthogonal idempotents and   J 1

 

J 3
 are continuous at   .HFOI

  

Conclusions 

In   conclusion, we have obtained results on 

continuity of Fredholm operators when perturbed 

by orthogonal idempotents in Banach space for 

the class of   .HFOI
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