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Abstract

In the present work, authors presented characterization on continuity of Fredholm operators when
perturbed by orthogonal idempotents in Banach space. In particular, authors show that these operators

are continuous under pertubations in Hilbert spaces.
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Introduction

Continuous operators have become one of the
most important classes of linear operators in
Banach spaces and it has appeared as an
interesting area of pure mathematics that is
concerned with the global and topological
properties of systems of differential equations
[1-4]. Therefore, many researchers have
considered several types of Fredholm operators
and perturbation classes of Fredholm operators
for research. In [5-6] the authors obtained
results on Fredholm operators and its
applications while [7] analyzed perturbation
classes of Semi-Fredholm and Fredholm
operators noted that the closed and densely
defined linear operators on Banach spaces are
either upper semi-Fredholm operators or lower
semi-Fredholm operators. In [8] the researchers
studied perturbations of spectral operators and
applications  to  identity of  bounded
Perturbations.

Further, [9] obtained results on the
characterization of unbounded and bounded
Fredholm operators, and solved some problems
on Fredholm alternative. The study of [10]
showed that invertibility preserving maps
preserve idempotents in Banach spaces and on
the other hand [11] worked on the linear maps
preserving the set of Fredholm operators.
Moreover, [3] researched extensively on
perturbations and Weyl's theorem while [5]
thoroughly worked on Weyl's type theorems and

perturbations, also, [16] surveyed on
Perturbation analysis of generalized inverses of
linear operators in Banach spaces and new
stability characterization of generalized inverses
in Banach spaces applicable in global analysis,
and necessary and sufficient conditions that
Moore-Penrose is continuous in Hilbert spaces.
Therefore, [8-9] carried out a research on the
norm of ldempotents in C*-algebras and range
projections of idempotents in €~ —algebras and
[1] researched on the maps preserving Fredholm
operators on Hilbert C*modules.

Moreover, [19] gives characterization of
closed Fredholm and semi-Fredholm operators
and its perturbations while [10] obtained
necessary and sufficient conditions for the
continuity of the spectrum and spectral radius
functions at a point of a Banach algebra and [1]
characterized Hankel and Toeplitz transforms on
H* py considering Continuity, Compactness and
Fredholm Properties.

Authors in [2,5] determined spectrally
bounded Jordan derivations on Banach algebras
and norm derivation respectively. The algebras
generated by mutually orthogonal idempotent
operators was studied by [8] and established that
finite dimensional spaces and commuting
families of idempotents are diagonalizable and
generates reflexive algebras. Lastly, the study of
the numerical ranges and the spectrum has been
fascinating area of study to many
mathematicians, for instance [4] described the
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closure of the numerical range of the product of
two orthogonal projections in Hilbert space, and
in a closed convex hull of some explicit
parameters of a point in the spectrum. Many of
the researchers have characterized Fredholm
operators and determined properties for the
invertibility of compact operators in Banach
spaces but not for the continuity of Fredholm
operators when perturbed by orthogonal
idempotent in Banach spaces. In this paper we
consider continuity of Fredholm operators when
perturbed by orthogonal idempotents in Banach
spaces. In this research, continuity of Fredholm
operators when perturbed by orthogonal
idempotents in Banach spaces have been
discussed in detail. Subsequently, the following
definitions are fundamental to this work.

Preliminaries
Definition 2.1

Let X and Y be normed linear spaces and
T:X —>Ybe a linear map. Let ||| and

v
denote norm of X and Y respectively, then
T is continuous if whenever ¢ _, ¢ implies

thatT(fn)—>T(f) then Jim. f_anX:o

’T(f)»T(f n}L:o.

Definition 2.2

Let T be densely defined closed operator on X.
T is said to be Fredholm operator if and only if
that: «(T) is finite, A(T) isfiniteand R(T) is
closed in X. T is upper semi-Fredholm
operator if «(T) is finite, and R(T) is closed
in X are satisfied, while it is a lower semi-
Fredholm if  B(T) is finite, and R(T) is
closed in X.

Definition 2.3

An operator T is uniformly continuous if for
every £ >0 there is a positive integer M such

that x, - X,| <& whenever n>m=>M.

= lim,..

Definition 2.4

A sequence (Bn)neN cB(H) is uniformly
B.<B(H) if
lim...|B.,— B.|=0. is strongly convergent
to B,eB(H) feH and

convergent to

if for all
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|iI’T1rHOOHBn f-B, fH=0, or weakly

convergent to B_eB(H) if for all f,geH
and |im,..(B.f-B.f.g)=0
Definition 2.5

Let QeB(H)
Q-0 is satisfied.

Then Q is an idempotent if

Results and discussion

In this section authors have characterized
continuity of Fredholm operators perturbed by
orthogonal idempotents in Banach spaces.

Proposition 3.1.

Let F,;(H) be the three dimensional and
J1.J- €E1,(H). Then T € F,,(H) is continuous

and [,/ if and only if there exists
C,D € ACF,(H) such  that
cC+D, L =C], =D, L=C and
J.<D.

Proof.

Suppose J,~/,, then J; and J, are linear we
have J, = x®h and [, =x®f V x€A and
h,f €A with hix) = f(x) = 1.

Furthermore, if k = f, thenh and f are
continuous. Let T:j, —J, for all t.we A
such that h(t) = h(w) = f(w) =0 and
f(t) =1. Therefore,
C=x@h+t&(f—h) and
D=x@h+ (t+w)®(f—h) are orthogonal
idempotents satisfying
L=C =D, ,=C and J, <D,

Hence J,.J. EI,(H) and TE F,(H) are
continuous at t,w € A € F,;(H).

Proposition 3.2.

Let F,;(H) be two dimensional. Then
T € F,;(H) is continuous if and only if for
every Ji.]> € 1,(H) there exists
C.,DeACSF,(H) suchthat J,~C and
Ji~D.
Proof.

Let J,=x®h and J. =y&f then
h(y)#0 or f(x)#0 suchthat J; and /-
are continuous at <4. Since D € A S F,, (H),
then D= ﬁ (v@h) satisfying that J,~C
and  J;~D. Suppose  Ji L Ja. then
h(x)=f(x)=0 andsince J, isa rankone
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orthogonal idempotent satisfying J,~C.
Then, A =x®r for all r€ F,;(H) with
r(x) =1 or there exists A =t&h for all
t € Fy;(H) such that h(x) =1.  Therefore,

J1 L J, is continuous forall x €], and x € J,
respectively. Hence J,~C and [,~D are
continuous at T € F,;(H).

Proposition 3.3.

Let F,(H) be the four dimensional and
JiexcFoH)  then TeF_(H)is
continuous if for every
E1’ Ez' E3 = Fo| (H)\ {O, I } satisfying
J1E1:E1J1’ Jlr;tEl’,
Ez E3 = E3 Ez’ E2 * E3 and
{J 1 El} - {Ez Es} : Hence,

(0.ES <{E.E..

Proof.

Let J,ex then JF("J1) such that

J, is continuous at xeFH)
Therefore, with respect to the direct sum
decomposition of |, (H)=1mJ @ker J,

I 0
and Jl=(0 0]. f E,E,E,csx\01}
then J.E.=E.,J..J, #E, and
A 0
EI:(O DJ for all 1€{0,1} and
De ], (ker J)
Therefore, the direct sum decomposition of
F,(H)=ImJ ®ImD&kerD for all
I 00
J,Del,(H) J,=|0 00 and
0 00O
A 00
E.=|0 1 0} Hence, {JlEl} having
0 0O

d 0 0
H,R € I,(H), we have the matrix (l:l H D)
0 0 R

forall & €{0,1I}. From {JlEl}’ < {Ez Es}

Continuity of Fredholm operators perturbed by orthogonal idempotents

0 0
H,
we have E.=| 0 1 O and
0 0 gl
He 000
E.=| 0 u! 0O with Iujz{o,|},
0 0l

j=1..6. Let E,=1-F, wehave f4 =0
and lu4:0. If luz;t,u5, then without the

M= | and
Hence

loss of generality we have

,uszo and it implies that M= l.

{JlEl} C{EzEg}. Suppose ], does not
belong to  ye [, (H)then direct sum

decomposition of
FaH)=H,®oH,2H.®H. with
|mJ1=H1@H2 and kerJ1:H3®H4'

I 0 0 O
O1 0O
We have ] = , such that
110 00O
0 00O
E.E, E.cx defined by
| 0 0O I 0 0 O
0 00O 0 00O
El_00|0’ EZ_oooo’
0 00O 0 00O
and [E.=J, Therefore, J E,=FE,J.

!

J.,*E.» E.E:=E:E. E. #E; and
nence {J,E, < {E,E.-

Proposition 3.4.

Let TeF,(H)and J,.J,e].(H) Let
T:\/,—\V/, be a continuous map, then it
implies that T :\/] —\/is also a continuous
map.

Proof.

Let T:V1—>V2

orthogonal idempotents J,

be a continuous map of
and J,.Then, if
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Ge [, (H) suchthat G can be decomposed

into a direct sum G =G, ® (5, where G, isa

closed subspace of dimension n-1.
Therefore, TG=TG,®T (G, is closed and

continuous, thus T (5, is also closed and

continuous. Hence, every direct sum of a closed
subspace with a finite dimensional subspace is
closed.

Proposition 3.5.
Let T.TeF,H) Then
Ty Wl)—ﬁ( fy,) s a continuous map on

V,and \/,suchthat T :VI—)V2
a continuous map. If for every U e ;((\/1) and

f EVI’ we have (J f =0 if and only if
T, U)rf=0. Then TeF_ (H)
and T,UT =TY T forall U €y, and
V1’V2e Io(H)

Proof.

is also

is compact

T(bf )= g(b)Tf
forall fe\/and T (by)=g 0Ty for
all ye\/.. Uexly,) and
TU*Tfl:VI—>V2 is continuous with an
orthogonal idempotent of the rank n, then

Let b be a scalar, such that

Suppose

kerT,.U=kerTU T and
ImT U = ImTY T such that TUY T
and T\U are continuous orthogonal

idempotents which are equal. For instance,
T T 'is bounded and continuous for every

U EZ(Vl) Moreover, if yekerT,U then
fekerY  and
fekerY T,=kerTU' T,  such that
kerT U :kerTU*Tl for all U e;{n(\/l)

Suppose n co-dimension exists; for every
continuous closed subspace of ze\/,  we

have U e ;(Wl) such that z=kerT U for
all  kerT.,U = kerTU*Tl=T(kerU*) and

yeTf for all

Continuity of Fredholm operators perturbed by orthogonal idempotents

T.@)=T.(kerT,U)=kery™ is compact.
Since T and T, are continuous operators,
there exists a sequence Y —\/, with 'y —0

and ler—>l¢0 as r—oo, With

ﬂ(xi);to, XX, €V, and  X.,...,X, are
continuous. Similarly, if fi,...,fneVI and

fi(xj) 1<i,j<n then fi,...,fn and
Tfi,...,Tfn are continuous and there exists
ce\/,  such that C(T fl):l and
c(T fz):...:c(T fz):o.

Theorem 3.6.

For a positive integer J,,J,<€|,(H) such

that  J.J,excFo(H) and J,#],
satisfying the following:
(i.) rank(J —J 2):1 and  either

ImJ,=1ImJ, or ker J =ker J,.
(ii.) There exists xelm J, and f

f<(Fq(H)ysuch  that
f(lmJ,)=10}J,=J,+x®f or a nonzero

continuous at

xekerJ, and  t<(Eq,(H)), ke(,=1{0}
and J,=J,+x®f.
(i) For C,Deyc[,(H)  satisfying

C=D and {Jl,JZ}Lc{C,D}l.

Proof.

Case (i.): Suppose J, ~ J,,and J,#],
such that rank(Jl—Jz)zl. Thank, let
\J1: z:ﬂtq ® hq’ tl""’tn eH and

hl,...,hne(H ) are continuous at |, (H),
then J,=> t,®h,+k®s for keHand

tot,t,) and

are continuous at J, yields

Se H*. If both operators

s, hyeh,)

ImJ,cIm]J,
orthogonal idempotents. If Im J =1Im J, and

ker J,=ker J, or hespan{hl,...,hz} we

then they are continuous
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obtain ker J, =ker J,. In addition, let xe J,
and fe[F,(H) suchthat o=x® f if for

J.t+taotelm]J, andsince J, +x®f is an

orthogonal  idempotent and  continuous.
Therefore, f(x)=0 and f(ImJ )={0} from

(JAx@Ff=3,+xot.
Case (ii.) Suppose JZ:J1+X®f for
te(Foil(H))

f(imJ )={0} and that C,.De <, (H),

satisfying C = D and {Jl,Jz}LC{C,D}L are

orthogonal idempotents. Therefore,
1

{30d2) =TercFo(H):im], cherT

and ImT cker J I ker f.  Assuming that

IMCS Im ], then telmC while s and t

xelmJ, and satisfying

not in ImJ, we have t=t+f, with
t,em]J,, t,eked, and t=0. If
Y,y eker J,T ker f such  that
YooY = 0, there exists
f ..t eFy(H) for all
f ImJ)={0}r=1..n and f (t)=f (t)=0
Then w:leﬂ@f,e{Jl,JzF and
ImMCclImJ, are orthogonal idempotents of

the rank n thus, ImC=Im]J,  and
ImD:Im'_'j1 also kerJII ker f — kerC and

kerJll ker f — ker D.

Case (iii.) Now if C=D and ImMC=ImD it
follows that ker C = ker D such that
kerC1 ker D is of co-dimension at least n+1

since ker J I ker f ckerC1I kerD. It implies
that ker J, 1 ker f =kerC1 kerD,  thus

{J 1:J 2}L is satisfying if for some x eker J,
and fe(FOI(H )) we have f eker J, = {0}
and J,=]J,+x®f. Since J, and J, are
orthogonal idempotents and J,# J,, we have
ker J, =ker J, or ImJ,=ImJ,. If
ker J,=ker J, then ker J ®ker J, and ],

Continuity of Fredholm operators perturbed by orthogonal idempotents

is continuous with finite codimension of
ker J,I ker J, and if PeF_(H) bea
finite dimensional then
ker J, = (ker J,I kerJ 2)@ P such  that

F, (H)=1mJ ®ker J.T ker J,)®P.

Furthermore, (F0| (H )) satisfying
f(im J, @ (ker J,1 ker J,))= {0} and
xelmJ . If C=], and D=] +x®f,
then D is an orthogonal idempotent of rank n.

Therefore, if T e{J 1J 2}l we have
ImJ, ckerT with ImJ =Im J, such that
TD=0 and ImT cker J,1 ker J, implies
that f(ImT)=0 and TD=0.  Since
U1dof =CDf it
ker J,1 ker f cker J,, and if for all
aeF,(H) we have
Im J, @ (ker J .1 ker f )& span{a} and
{C.D} ={r e xc Fo(H):T(m J,)= 0} ImT ke J,1 ker £}
Therefore, J, < ker J, 1 ker f is orthogonal

follows that

idempotent operator, hence J,T =0 for all

TE{C,D}L, Hence, J,

continuous identities on ImJ =ImJ, and

and J, are

both orthogonal idempotents on ker J I ker f,

thus the space ImJl@(kerJII kerf) is
continuous with a codimension one in F., (H)

Therefore, it follows that J = J,, then we
have rank(Jl—Jz):l.
Corollary 3.7.

Let Tep, (H) and y< [, (H) then J,
and J, are orthogonal idempotents continuous

at y such that J, ~J, for all
Jl’JgeZgFm(H)'
Proof.

Let  y=z\J,f=1J,-J. ] J.cxf then

every member of yhas a rank of one, for

instance A, A,ey then rank(A - A)<L
Similarly, x® f —g®h is of rank one if for x
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and gare continuous at fand g respectively.
From Theorem 3.6, if De F_, (H) is of rank
one then we have rank(A - A)<1 for all
A- A<D Moreover, if

e(Fol(H)) -k f:re(Fo(H))f forall
xe F, (H) we have

FOI(H)®f={X®fZX€(FOI(H))*} for all
fe(FOI(H )) Therefore, y is continuous at

xe [, (H) and VCX®(F0|(H))*- Hence J,
and J, are orthogonal idempotents and  J,

~J, arecontinuous at y e £ (H)

Conclusions

In conclusion, we have obtained results on
continuity of Fredholm operators when perturbed
by orthogonal idempotents in Banach space for
the class of £ _ (H)
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