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Abstract

Let H be an infinite dimensional complex Hilbert space and Fo;(H) the set of all Fredholm operators

perturbed by orthogonal idempotents in Banach space.

In the present paper, we determine the

conditions under which Fredholm operators retain Fredholmness when perturbed by orthogonal

idempotents in Banach spaces.
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Introduction

The study of Fredholm operators began decades
back when mathematicians considered integral
equations on Hilbert spaces [1-3]. Since then
Fredholm operators became the most important
classes of linear operators in mathematics and
the different classes of operators like semi-
groups, class of Fredholm operators such as
classes of upper and lower semi-Fredholm
operators, and ideals of operators such as classes
of finite-dimensional and compact operators
have been studied by several mathematicians and
general characterizations of each group obtained.
Later on, the perturbation theory of linear
operators was developed by several researchers
like Rayleigh and Schrondinger among others
and the perturbations of Fredholm operators was
done and nice results obtained.

Recently, [4] worked on the perturbation
classes of semi-Fredholm and Fredholm
operators, also [5] characterized some results on
Fredholm operators, essential spectra, and
application while [6] provided a notion
concerned with perturbation of the group
generalized inverse for the class of bounded
operators in Banach spaces and determined the
index of B-Fredholm operators and
generalization of Weyl theorem. Later on, it was
noted in [7] noted on preservation of generalized
Fredholm Spectra in Berkanis sense. Similarly,

perturbations of Fredholm operators have been
thoroughly researched in [8] and [9].

Furthermore, in [10] the authors worked
on perturbation classes for semi-Fredholm
operators on | ()—spaces and on the other

hand [11] surveyed on the perturbation classes
problem for semi-Fredholm and Fredholm
operators, functional analysis, approximation
and Computation and further researched
extensively on perturbations of Fredholm
operators in [3]. In [7] the authors studied
finite-dimensional ~ Perturbations of Linear
operators in Banach spaces and some
applications to boundary integral equations,
engineering analysis with boundary elements.
Several properties of Fredholm composition
operators have been discussed in detail in [1]
among many other researchers. Many of those
researchers characterized Fredholm operators
and determined properties for the invertibility of
compact operators in Banach spaces but not for
the Fredholm operators perturbed by orthogonal
idempotent in Banach spaces. In the present
paper we determine conditions under which
Fredholm operators retain Fredholmness when
perturbed by orthogonal idempotents in Banach
spaces for the class of |F_ (H) We have
reviewed some basic concepts which are useful

to our work as they are outlined in Research
methodology.
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Research methodology
Definition 2.1

Let X and Y be Banach spaces, a linear
operator T : X —Y is a Fredholm operator if and
only if:

I. T isclosed.

ii. The domain of T isdensein X.

iii. «(T),the dimension of the null space

N(T) of T is finite.

iv. Therange of Tisclosedin Y.
v. f(T),the co-dimension of R(T)eYis

finite.
Definition 2.2
If PeB(H) satisfies |I)2 =P then

ker(P)= Ran(Pythen P is called a projection.

If P(H) is a closed subspace of H then, for each
closed subspaces u e Hthere exists an
orthogonal projection P such that PH = 4. For

any family gj,h';:ch and feH. Let

A, f=>(f.g)h,. Then A eB(H) and

Ran( A )< oo are finite rank operators.

Definition 2.3

Given two Banach spaces X and Y, the set of
all upper semi-Fredholm operators is defined by
D, (X,Y)={T eL(X,Y):a(T)<oof and T(X)
is closed, while the set of all lower semi-
Fredholm operators is defined by

D (X,Y)={T eL(X,Y): B(T)<o} The set
of all semi-Fredholm operators is defined by

D.(X.Y)=D. (X.Y)YP (X.Y) and the

class of Fredholmm operators id defined by
D.(X.Y)=@,(X.Y)I P_(X.Y)
Definition 2.4

Let T:H —H be linear operator. Then T is
said to be normal if T*T=TT* and self-adjoint
operator if T=T*

Definition 2.5

If PeB(H) satisfies P> =P then P is said to
be idempotent.
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Results and discussions

Under this section we determine conditions for
the Fredholmnessin =, (H).

Proposition 3.1.

Let T e[, (H) Fredholmness is retained by

T the identity map

if
(F., (H)x)o (F,(H)r) is continuous and
the following conditions are equivalent.

i. r(Tn,T)—>O.
i. [o(T,)-o() -0 vge|Foi(H))

Proof.

Let qf[FOI(H )l then it shows that (ii)
implies Q) such that
7, 7)=|g (r)-9 )+|g.(T.)-g.)
and if r(Tn,T)—>O, VqeQ. Let

qe[FOI(H)l and Q dense in [FOI(H)L
Ve >0 we have gqeQ such that ||g—q||£§

and  n(g)>0
JofT ,)-a() <

Therefore,

lofT - o) <[o(T )-ofT

Proposition 3.2
Let Te [, (H) Fredholmness is retained by
T if yeF,(H) suchthat y(w)=1 for all

w>>1 while y(w)=0 if whenever w<<1
and the following are equivalent.

i r(Tn,T)—>O.
i JofT)-a(r) >0 vo<[For(H)]
iii. f(T,,T)—>0 and [T ,)-»(T)—o0.

vn>n(g)  gives
£
3

JoT )-alm o) ofr) <.

Proof.

Let refF,(H) and r represented as

)= — Y Since the sub algebra spanned
(+w?)

by [FO|(H )l and r dense in F_ (H)
Therefore, the equivalence of (i) implies (iii) is
proved in Proposition 3.1.
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Theorem 3.3.
Let TeF,(H) and Ran(T)I ®=#0. Then

suppose T is a sequence of Fredholm operators
satisfying the following conditions:

i. D(T)cD(T,)
ii. There exists a sequence Fredholm
operators of positive numbers

A.,—0 such that

T .2)|< A, (2] +]al} vaeD(T)
Then T +Tn € FOI (H)
and r(T+T,,T)—>0.

Yn>>0

Proof.

Let Tnzz(T+Tn) and r(T+Tn)—>O, we
have T+T e[, (H) vn>o.
ifwelet cRan(T)I R and | =[a—&,a+¢]

such that 1 —Ran(T). Then, if n is large, we
can have | c Ran(Tn) vn>>0 such that

Therefore,

yeF,H) If y(w)=1 vYw>2a+e and
y(w)=0, VW< a—e. Hence
| T.-9(m)—>0. Therefore, we invoke the
proof of  Proposition 3.2 to show that
r(T..T)—>0.
Theorem 3.4

Let J,.J,eF,(H)and TeF, (H) be
definedby T=a J,+8J,-1J,J,- Then

T retains Fredholmness if «f =0,
ind(T)=ind(J,+J,} Moreover,
Fredholmness of T is independent of the choice
of ¢, and A

Proof.

Let J, and J, be two orthogonal

idempotents. Then T is Fredholm if and only if
-1 -1 -1 -1

T 3, T+AT 3,727 13T 3.7)

is Fredholm. Therefore, without the loss of

generality of Fredholmness of T, we can assume

that J, and J, areorthogonal idempotents.

For example, let J, be a positive orthogonal

[
idempotent, we can have J, = (o JOM]
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1
J,- { Jo J %ZJ Then, decomposition
\] 33 D J 22 \] 33

of F. (H)=Ran(J e Ran(J 1)l, where

J,, and J.. are positive operators on

Ran(J 1) and Ran(J l)l respectively, while
D is contraction operator from

Ran(J 1)l - Ran(J 1) The matrix J,, and
J.. iscomputed as follows

00 0 33300
J,=l0 1 o | J.- 1 0
00 J, 00

with respect to Fredholm decomposmon

Ranl)=N(J,JoN(I- 3, o (RanJ)(( JON1-3,)
and Ran(\]ly Ran(\]J @N( \]33)@\]33
Then if we let [F ol (H )l = N(J 22),
F0|(H ) =N(I1-7J,,)
Foi(H)]=ran] )—N(J JoN(I-J,,)
Foi(H)]=Ran(3,) -NJen(i -3,
[Foi(H)}=N0-7,) and
FOI(H) —N(JSS) Hence, the J, and

J, have the matrix representation

as:
0 0 0 0 0 0
0 | 0 10 C0 0
J_ 0 0 \]11 \]22 D1\]22 0 0
-
0 0 JzzDJu Jn 0 0
0 0 0 0 | 0
0 0 0 0 0 0
I 0 0 \]11 \]12 \]13
0 I 0 \]21 \]22 \]23
and 7. 0 0 | \]31 J32 Ja Then,
210 0 0 0
0 0 0 0 | 0
0 0 0 0 0 0

if for some contraction [, from [Foi(H)] t©
[F0|( )l with respect to Fredholm

H)=@[For(H))

decomposition of |:
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suchthat j _ lJu 1 Ji?|, v
»JZZEDIJZI_].E \Jzz

J.cl,(H) and

Joc[Foi(H)le[Fai(H)] ¥ J.=J.

Similarly, this
3,= 3131 D1 Ddr

311 D1322 —J111D1J22 +311 DlJzz !
322 D1J11 —322 D1J11 +J.22 D1J11

and = J50+3 " Didyy ' Dl o* S
been obtained by use of the injectivity of ],
I-J,,, Jyand 1-7,. Therefore,

D.D.=!. D.D.=! and

J»n= DI(I -J 11) D, Then,

Vi 0 Vi Vi Vi Vi
Vi Vi Voo Vi Vi
0 Vi Vi, Vi Vi i
0 0

N

T:a\]1+ﬁ\]2_l\]1\]2:

o O O o o

0
0 0 \, 0 0
0 0 0 0 0

Therefore, \/,,=al,

V13:;L\]11J 22E DI\]]_]_E’
V14:aJ11_}“J11vJ22’ Vlszawjlz_ﬁ’\]lz’
V16:a\]13’ V22=(a+ﬂ—/1)|,

1 1
Vu="4dxJ ZZEDI\Jlli’
Vau=adu=4Jud o
Viu=ad,-4dn Vu=ady-4d4y
V26:a\J23’ V36:a\]33’ VSSZﬁI'
Therefore, a« J,+8J,-4J.,J, i
Fredholm if and only if 1 - J . e F,, (H) and

1

1~ JDi(1=J 4 isFredhom. Since

TeF,(H) and
:(a\]11+ﬂ\]2_i\]1\]2)-r—| tobea

T, TZJ
s Ts

Fredholm operator, we have T =(
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M. M.,
and M:(Ms MJ on
Fo(H)=Ran(J )@ Ran(J,)

(uﬂ uu](Tl TszMl M. ]
U, UxATs T, M; 1+M,
that gives either

£ D2 T+ 81, T.=1+M,. This
1

shows that ] 225 is Fredholm. The
Fredholmnessof « J,+8J,-4J.J,

equivalent to that of [V” Vlz} which is
V21 V22

also equivalent to
U 11_U ;zU n=o +8] 11_[(1\] 31ﬁ\]llz[D1\] 222][ﬂ\] 222]/}\] ZZZ(DI\]llZD

1 1 -1 %
=l +Ju—[a3m+m1f D.D;(1-Ju) D1DI[(| —Jn)2 Dloi‘Jnj ]

Then equal to o1 - 3,)p;(I —Jll)%Jn%- Hence
the equivalence of Fredholmness of

a\]1+ﬂ\]2_ﬁ“\]1\l2
J.. J,€F, (H), therefore,
ind(aJ1+ﬁJz—/1JlJz):ind[a('—J )DI(|—Ju)%Jn%]:i"d(JﬁJz)
Corollary 3.5

Let J,.J,eFo(H)

such that J, and

J, are orthogonal idempotents. Then the
following hold:

i. the invertibility of Te,(H) is
independent of the choice of «,p
and 4 Vapf=0.

ii. the invertibility of Te[, (H)

equivalent to the invertibility of

aJ,pJ, and a,f,AeC
af #0.

Proof.

Let aoJ1+ﬂ0\]2_lo\J2‘Jl to be

invertible Fredholm operators and for some
Ao P A€C ¥V . 3,%0.  Therefore,

Jﬁﬁo\]z—ﬂoj 2..]1 is Fredholm with

the nullity, and its limit equal to zero and from

©2020 The Authors. Published by G. J. Publications under the CC BY license. 33



Nyaluke et al., 2020.

Theorem 3.4 it follows that T e (H) is
invertible for all «,5,4eC with af=0
and 4 =0.
Lemma 3.6.
Let Te[,(H) then ker(T*): Ran(T)L
since. Dom(T) is dense and retains

Fredholmness defined on (T, Dom(T)).

Proof.

Let g ker(T*) and T'g=0 vgeDonT)
Then if for geDom(T) we show that

O:<T*g,t>=<g,Tt> then it follows that

ge Ran(T )l. Conversely, if ge Ran(Ty,

then for all geDom(T) we have
(g,Tt)=0=(0,t) such that ge Domﬁ'*)
and T g=0.
Theorem 3.7.

Let T e[F,,(H) be compact operators defined

by T:R— A that retains Fredholmness, then
the following conditions are satisfied.

i. T isFredholm
ii. TeF,(H) and LeB(AR) there

exists compact operators K,  and
K, such that LT=1+K,,
TL=1+K,

Proof.

Let L K,K,€F,(H) be the identity
compact Fredholm operator, then ker(T) and
the coker(T) are finite dimensional.
Therefore, T retains its Fredholmness.
Similarly, if T e[, (H), we can have the
and A eIm(T)

such that A = NR is an isomorphism from

R, into Im(T)  Also if L=(A1) on
Im(T) and L=0. Therefore, the resulting
K, is an orthogonal idempotent onto ker(T)

complement of R, ker(T)

—1

and I+, is also an orthogonal idempotent

Fredholmness conditions for operators perturbed by orthogonal idempotents in Banach spaces

onto Im(T)  Hence LT=I+[K, and
TL=1+K,.
Conclusions

In summary, we have determined conditions
under which Fredholm operators retains
Fredhomness when perturbed by orthogonal
idempotents in Banach spaces for the class of
F, (H) We have shown that under certain

conditions Fredholmness is retained by T if the

identity map (F, (H)u)a (F (H)r) is

continuous.
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