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Abstract 

Let H be an infinite dimensional complex Hilbert space and F01(H) the set of all Fredholm operators 

perturbed by orthogonal idempotents in Banach space.  In the present paper, we determine the 

conditions under which Fredholm operators retain Fredholmness when perturbed by orthogonal 

idempotents in Banach spaces. 
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Introduction 

The study of Fredholm operators began decades 

back when mathematicians considered integral 

equations on Hilbert spaces [1-3].   Since then 

Fredholm operators became the most important 

classes of linear operators in mathematics and 

the  different classes of operators  like semi-

groups,  class of Fredholm operators such as 

classes of upper and lower semi-Fredholm 

operators, and ideals of operators such as classes 

of finite-dimensional and compact operators 

have been studied by several mathematicians and 

general characterizations of each group obtained. 

Later on, the perturbation theory of linear 

operators was developed by several researchers 

like Rayleigh and Schrondinger among others 

and the perturbations of Fredholm operators was 

done and nice results obtained.  

 Recently, [4] worked on the perturbation 

classes of semi-Fredholm and Fredholm 

operators, also [5] characterized some results on 

Fredholm operators, essential spectra, and 

application while [6] provided a notion 

concerned with perturbation of the group 

generalized inverse for the class of bounded 

operators in Banach spaces and determined the 

index of B Fredholm operators and 

generalization of Weyl theorem. Later on, it was 

noted in [7] noted on preservation of generalized 

Fredholm Spectra in Berkanis sense. Similarly, 

perturbations of Fredholm operators have been 

thoroughly researched in [8] and [9].  

 Furthermore, in [10] the authors worked 

on perturbation classes for semi-Fredholm 

operators on   Lp
spaces  and  on the other 

hand [11] surveyed on the perturbation classes 

problem for semi-Fredholm and Fredholm 

operators, functional analysis, approximation 

and Computation and further researched 

extensively on perturbations of Fredholm 

operators in  [3].  In [7] the authors studied  

finite-dimensional Perturbations of Linear 

operators in Banach spaces  and some 

applications to boundary integral equations, 

engineering analysis with boundary elements.  

Several properties of  Fredholm composition 

operators  have been discussed in detail in [1] 

among many other researchers. Many of those 

researchers characterized Fredholm operators 

and determined properties for the invertibility of 

compact operators in Banach spaces but not for 

the Fredholm operators perturbed by orthogonal 

idempotent in Banach spaces. In the present 

paper we determine conditions under which 

Fredholm operators retain Fredholmness when 

perturbed by orthogonal idempotents in Banach 

spaces for the class of  .HFOI
 We have 

reviewed some basic concepts which are useful 

to our work as they are outlined in Research 

methodology. 
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Research methodology 

Definition 2.1 

 Let X  and Y  be Banach spaces, a linear 

operator YXT : is a Fredholm operator if and 

only if: 

i. T  is closed. 

ii. The domain of  T is dense in  .X  

iii. ),(T the dimension of the null space 

)(TN  of T is finite. 

iv. The range of T is closed in .Y  

v. ),(T the co-dimension of YTR )( is 

finite. 

Definition 2.2    

If  )(HBP  satisfies PP 
2

 then 

   PRanP


ker then P  is called a projection. 

If  HP  is a closed subspace of H then, for each 

closed subspaces H there exists an 

orthogonal projection P  such that .PH  For 

any family Hhg
n

jj


1
,  and .Hf   Let 

 ., hA jn
gff  Then  ,HBAn

  and 

  An
Ran  are finite rank operators. 

Definition 2.3  

Given two Banach spaces  X  and ,Y  the set of 

all upper semi-Fredholm operators is defined by 

      
TYXLTYX :,:,  and )(XT  

is closed,  while the set of all lower semi-

Fredholm operators is defined by  

      .:,:, 
TYXLTYX    The set 

of all semi-Fredholm operators is defined by 

     YXYXYX ,,,  
   and the 

class of Fredholmm operators id defined by 

     .,,, YXYXYX  
   

Definition 2.4    

Let  HHT :  be linear operator. Then T is 

said to be normal if T*T=TT* and self-adjoint 

operator if  T=T*  

Definition 2.5     

If   HBP  satisfies P
2
 =P then P  is said to 

be idempotent. 

 

 

 

Results and discussions 

Under this section we determine conditions for 

the Fredholmness in   .HFOI
 

Proposition 3.1.   

 Let   .HT FOI
  Fredholmness is retained by 

T  if the identity map 

     rHH FF OIOI
,,   is continuous and 

the following conditions are equivalent. 

i.   .0, Tr T n
 

ii.     ,0 Tgg T n
     .

0
HFOI

g  

Proof.   

Let     ,
0

HFq OI



 then it shows that (ii) 

implies (i) such that 

         TTTr gTggTgT nnn 
,

 and if    ,0, Tr T n
  .Qq   Let  

  HFOI
q

0
   and  Q  dense in     ,

0
HFOI

  

0   we have  Qq  such that  
3


 qg   

and   0n    nn   gives 

    .
3


 Tqq T n

   

Therefore,  

                . TgTqTqqqgTgg TTTT nnnn

Proposition 3.2  

Let   .HT FOI
   Fredholmness is retained by 

T  if    HFOI
  such that    1w    for all  

,1w  while    0w   if whenever 1w  

and the following are equivalent. 

i.   .0, Tr T n
 

ii.     ,0 Tgg T n
     .

0
HFOI

g  

iii.   0, Tr T n
  and      .0 TT n

  

Proof.   

 Let   Hr FOI
   and r   represented as 

 

 
.

2

:

1 2

1

w

w
wr




  Since the sub algebra spanned 

by    HFOI 0
 and  r  dense in   .HFOI

    

Therefore, the equivalence of (i) implies (iii) is 

proved in Proposition 3.1.  
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Theorem 3.3. 

Let   HT FOI
   and   .0TRan   Then 

suppose T n
 is a sequence of Fredholm operators 

satisfying the following conditions: 

i.    .T n
DTD   

ii. There  exists a sequence Fredholm 

operators  of positive numbers 

0n
 such that 

   ;aTaa
nnT     .TDa     

Then 
 HT FT OIn


   0n  

and    .0,  TTr T n
 

Proof.      

Let   TT nn
T :   and    ,0T n

Tr   we 

have   HT FT OIn
   .0n      Therefore, 

if we let    TRan   and     ,I    

such that   .TRanI     Then, if n  is large, we 

can have   T n
RanI    0n    such that   

 .HFOI
    If    ,1w    w   and   

  ,0w    . w    Hence   

  .0 TgT n
   Therefore, we invoke the 

proof of  Proposition  3.2  to show that   

  .0, Tr T n
 

Theorem 3.4 

Let   HFJJ OI


21
,  and  HT FOI

   be 

defined by .:
2121 JJJJT     Then   

T retains Fredholmness if  ,0   

   .
21 JJindTind      Moreover, 

Fredholmness of  T  is independent of the choice 

of  ,    and  .  

Proof.  

Let J 1
  and  J 2

 be two orthogonal 

idempotents.  Then  T  is Fredholm if and only if 

 TTTT JTJTJTJT 1

1

1

1

2

1

1

1 
   

is Fredholm.  Therefore, without the loss of 

generality of Fredholmness of ,T  we can assume 

that   J 1
  and  J 2

  are orthogonal idempotents.  

For example,  let J 2
  be a positive orthogonal 

idempotent, we can have  











00
11

1

J
J

I
   and    

.

33
2

1

22
2

1

33

2

1

2222

2



















JJDJ

JJ
J    Then,  decomposition 

of         ,
11 JJF RanRanH

OI



    where   

J 22
  and  J 33

    are positive operators on 

 JRan
1

   and    JRan
1



  respectively,  while  

D  is contraction operator from 

   .
1 1JJ RanRan 



  The matrix   J 22
   and    

J 33
   is computed  as follows      

,

00

00

000

22

2


















J
J I       



















000

00

00
33

33
I

J
J    

with respect to Fredholm decomposition of 

            JJJJJJ IRanIRan
2222122221

    

and          .
11 333333 JJJJJ IIRanRan 



   

Then  if we let       ,
220 JHFOI

    

    ,
221 JHF I

OI
    

        ,
222212 JJJHF IRan

OI
    

        ,
1 22333 JJJHF IRan

OI




        ,
334 JHF I

OI
    and    

    .
335 JHFOI

     Hence,  the  J 1
  and   

J 2
  have the  matrix  representation   

as:

,

000000

00000

00
1122

00

00
2222

00

00000

000000

22
2

1

2

1

2

1

1
2

1

11

1
































I

I

JJDJ

JDJJ
J

   and   
.

000000

00000

000000

00

00

00

333231

232221

131211

2





























I

I

I

I

JJJ
JJJ
JJJ

J
      Then,  

if for some contraction D1
  from     HFOI 3

 to    

  HFOI 2

  with respect to Fredholm 

decomposition of       HFF OI
H

iiOI  


5

0
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such that   




















JJDJ

JJ
J

22
2

1

1
2

1

2

1

11

0

1122

11 ,         

 HIJ O


1
     and  

     HFHFJ OIOI 320
      .

2

00 JJ      

Similarly,  this  

JDJDJJJ 1111
2

1

1221
2

1
2

1111


 ,    

JDJJDJJDJ 221122112211
2

3

1
2

1

2

1

1
2

1

2

1

1
2

1

 ,    

JDJJDJJDJ 112211221122
2

3

1
2

1

2

1

1
2

3

2

1

1
2

1


   

and    JDJDJJJ 221122 22
2

3

1
2

1

1

2

1

22



   has 

been obtained by use of the injectivity of  ,
11J  

JI
11

 ,   J 22
 and    .

22JI     Therefore,  

,
11

IDD 


    IDD 


11
  and  

  .
111122 DJDJ I 


   Then,   

.

000000

00000

0000

00

0

0

:

55

2221

36351211

2625242322

1615141311

2121





























V
VV

VVVV
VVVVV
VVVVV

JJJJT 

     

Therefore,  ,
11

IV    

,
1122

2

1

1
2

1

1113 JDJJV


    

,
22111114 JJJV       ,

121215 JJV       

,
1316 JV        ,

22
IV      

,
1122

2

1

1
2

1

2123 JDJJV


       

,
22212124 JJJV        

,
222125 JJV       ,

323235 JJV       

,
2326 JV       ,

3336 JV      .
55

IV     

Therefore,    JJJJ 2121
     is 

Fredholm if and only if  HI FJ OI


11
 and   

 JIDJI
11

2

1

131 


   is Fredholm.    Since   

 HT FOI
     and  

  ITM JJJJ 
21211

   to be a 

Fredholm operator,  we have  















TT
TTT

43

21     

and  















MM
MMM

43

21    on    

      ,
11 JJF RanRanH

OI



     
















































MM
MM

TT
TT

UU
UU

I

I

43

21

43

21

2221

1211       

that gives  either 

.
2122 44222

2

1

1
2

1

MTJTJDJ I 


    This 

shows that J 22
2

1

 is Fredholm.   The 

Fredholmness of   JJJJ 2121
     is 

equivalent to that of   














VV
VV

2221

1211     which is 

also equivalent to 




























































JDJJJDJJJUUU I
1122222211

2

1

1
2

1

2

1

2

1

1
2

1

3111212211


 

    .111111 2

1

1111

2

1

11
2

1

11
2

1

3111






















 











JDDJIDDJIDDJJJI 

      

Then equal to     .
1111

2

1

2

1

131 JJIDJI 


    Hence 

the equivalence of Fredholmness of   

JJJJ 2121
     and    

 HFJJ OI


21
, , therefore,     

       .
1111 21

2

1

2

1

1312121 JJJJIDJJJJJ indIindind 












 




Corollary 3.5  

Let   HFJJ OI


21
,    such that  J 1

   and    

J 2
  are orthogonal idempotents.  Then the 

following hold:  

i. the invertibility of    HT FOI
   is 

independent of the choice of  ,   

and    .0  

ii. the invertibility of   HT FOI
  is 

equivalent to the invertibility of  

JJ 21
,   and  C ,,    

.0  

Proof.   

Let   JJJJ 2 102010      to be  

invertible Fredholm operators  and for some 

C 000
,,      .0

00
    Therefore,   

JJJJ 2 102010      is Fredholm with 

the nullity, and  its limit equal to zero and from 
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Theorem 3.4  it follows that     HT FOI
    is 

invertible  for all  C ,,  with   0    

and  .0
0
  

Lemma 3.6.    

Let    HT FOI
 , then    TT Ran


ker    

since   TDom   is dense and retains 

Fredholmness defined on   ., TDomT  

Proof. 

   Let  Tg


ker  and 0

gT    .TDomg    

Then if for   TDomg  we show that   

TtgtgT ,,0 


 then it follows that 

  .TRang


   Conversely,  if    ,TRang


  

then  for all   TDomg   we have  

tTtg ,00,    such that    TDomg


    

and  .0

gT  

Theorem 3.7.    

 Let    HT FOI
  be compact operators defined 

by  ART :   that retains Fredholmness, then 

the following conditions are satisfied. 

i. T  is Fredholm   

ii.  HT FOI
    and   RABL ,    there 

exists compact operators  K1
    and 

K 2
   such  that  ,

1KILT     

.
2KITL   

Proof.     

 Let   HL FKK OI


21
,,    be the identity 

compact Fredholm operator, then   Tker     and 

the  Tcoker    are finite dimensional.   

Therefore,  T  retains its Fredholmness.   

Similarly, if      HT FOI
 ,  we can have the 

complement  of  TR ker
1

   and  TA Im
1
    

such that  
R

AA
1

1
   is an isomorphism from  

R1
  into   .Im T     Also if   AL

1

1

   on 

 TIm   and .0L     Therefore,  the resulting 

K1
 is an orthogonal idempotent onto  Tker    

and  KI
2

  is also an orthogonal idempotent 

onto    .Im T     Hence   KILT
1

   and   

.
2KITL   

Conclusions 

In   summary, we have determined conditions 

under which Fredholm operators retains 

Fredhomness when perturbed by orthogonal 

idempotents in Banach spaces for the class of  

 .HFOI
 We have shown that under certain 

conditions Fredholmness is retained by T  if the 

identity map      rHH FF OIOI
,,   is 

continuous.  
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