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Abstract

Let H be a complex separable Hilbert space with and let B{*H) be the Banach algebra of all bounded
linear operators on H. In the present paper we characterize Aluthge transforms in Banach algebras. We
considered classical and maximal numerical ranges of these transforms and finally we give their

relationships.
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Introduction

It is known that the numerical range W(T) of T is
the subset W(T)=[{Tx. x): x € H. |lx|l = 1} of the
complex plane C [1]. It is known that W(T) is
always convex and the closure W(T) of W(T)
contains o(T). On the other hand, essential
numerical range of Tis the
subset We(T') = [A € C: there exists a unit vector
sequence {X»} € H such that x, converges weakly
to 0, (T¥u. Xu} — A}, It is known [2] that W, (T) is
also always non-empty closed and convex and
contains o (T). In [3], we also
have WlT ) =Nn{W(T + K ): K € KiH)},

In [4] the author introduced the concept
of the maximal numerical range W o(T) of T to
consider the norm of a derivation on 8(*), The
maximal numerical range of T is defined to be
the subset WolT'} = {A € C:there exists a unit
vector sequence X} © H such that
{Txyoxn) — A Tl = T, 1t was proved
in [5] that Wo(T) is a non-empty closed and
convex subset of . We note that W o(T) does
not have translation property by scalar, that
is WoT +2) # Wo(T)+ 4 In particular, we
know that for any AFho In
({:’ Wl T +}.]'in WillT 4+ 42 = !}'5 For a more
detailed discussion of the maximal numerical
range we refer to [6]. For a subset A of C, we
denote by A" the closed convex hull of A.
If T € B(H) with a polar decomposition T=U[T],

then the Aluthge transform 7 and *-Aluthge
transform T are defined
by T=IT 1"2UIT M2 gnd T =T V2017112 g
spectively [7]. Note that both T and 7' are
independent of the choice of the partial
isometry U in the polar decomposition of T.
Recently, T, 7 and T7'*' have been studied by
many authors [8]. In this note, we consider the
essential numerical range and the maximal
numerical range of T, Tand T'*. We prove
that We(T') = W(T™) € W(T ) and

WolT +2) =Wo(T™ + M forall A € C.

Let T € B(H) and T=U|T| be the polar
decomposition of T, then [9] we
have N(T)= N(|T|)=N(U). In terms of the
orthogonal
decomposition H = MT )@ MT )" of H, T has
0 A4

: - r'= (u 3)
the following matrix form for some

bounded linear operators A from N(T )" to N(T)

andBon MT) . Now it is known [10]
that

{0 my R 0
L’_(u UI) and TT‘({] A*A-I—B*B)

for some operators Ujand U,. By a simple
calculus, T has the following matrix

~ (0 0

I'=1lo x)
form where
X = (A*A+ BB\ L(AA + B*BY 3 o
N(T -
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L N N is N known
that T'*) = UTU*and T = U*T ™1/, Note
that U is a unitary operator

from N(T)* to N(T*)* then there is a unitary
operaE}or[]U o from N(T)* onto NM(T*}* suchthat
=10 w) from NMT)@P N(T ) 1o MT*) B

#y | ?[‘I = (" [])
N(T*= 1t follows that 0¥/ with
respect to the space  decomposition
H=NT* P NI \where ¥ = VXU,

Research methodology

Proposition 2.1

LetT € HEHL_]'hen N for all
Kel(H) TH+K-Te KiH).

Proof

Since (T + K)(T+ K) =TT + K| for
some K1 € K(H), we have IT+ K| =|T|* + K,
It follows
that ((IT + K [)* = ((|T ))* and
m(|T+ K|) =m(|T|), which
that |7 + K| —|T'| € K(H) and

again |IT+ K |2 — T |1? e K(H),

Let T=U|T|and T+ K = V[T + K | be
the decomposition of T and T+K respectively.
Note that K = V|T+K|—U|T|EK:{H},
then IT+ K| —|TH+{(V-UT|e K.'IL’H}, and
therefore (V — IN|T | € K(H) since
VIIT+ K| =T e K(H), If |T| is invertible,
then (V — )T |12 € K(H), Otherwise,
put (0 =12 t£0,|T[]. We may choose a
sequence of polynomials P (t)
with P,(0)=0 such
that imy .o [|[ P — £ 1| = 0'in C[0,|T|] by Stone-
Weierstrass Theorem. It is
clear (V — U ) P.(IT ) € K(H) for all n. It follows
that (V — )T |12 € K(H) and

implies

therefore T 1'/2(V — IN|T Y2 e K(H),
Then
T+K—-T=|T+K|"*V|T+K|"*—|T"*UIT|V?

=T+ K" WIT+ KV — T2 T R”’ V M4
I T+ K" V(T +K| Ty +{1T+ HJH’H

4 ”T-l—Kl”: _
since |T + K |12 —|T V% e K(H),

Proposition 2.2
Let T € BCH). Then We(T) € W(T),

\TIVHUIT Y € K(H)
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Proof

It IS known
that WelT) = (UW(T + K ): K € K(H)], that
is, WelT') = Wo(T + K ) for all K € K(H), By [7],
we have
WAT)= WATF¥K)S WT+K)SW(T+K).
Thus

WAT) SUWIT + K): K & K(H)} = Wo(T).
Lemma 2.3

LetT € BiH), Then ﬂyﬂpf‘] = :’}'FI[*?:{*]}.

Proof

Recall thatﬂﬂTFZ”fwa}E_Jﬂrw(T}. We first
prove that o(T ) \ {0} = or.(T ™)\ {0},

Suppose 4 € (T )\, {0). Then there exists a unit
vector sequence {x,} inH such that {x,}

converges weakly to zero
and lim o0 1T — 2, || = 0, that
is, 1imy oo (U T U — x| =0, In fact, we
may choose {x, } in N(T)* such

that IUxx|l = 1for all integern. It follows
thatim 1T = AUxl = lim [(UUTY - )Ux| < lim [(T - =0.

Note that U x, converges weakly to zero,
then € 01(T™).0n the other hand, we can
obtain o.((T)*) 4 {0} € 0.(T )\ {0) by a similar
method. Then (T )\, {0} = ap (T ™)\ {0} 1t

also follows that @re(T )\ {0} = are(T )\ (0] by
the fact that @r(A) = 01.(A%) for any A € B(H),

Then o:(7) \ {0} = 0.(T™) \ {0}, Next we show
that 0 € o(T ) if and only if 0 € o(T™). This is
equivalent to show that 7 is Fredholm if and
only if T is. Note that7 (resp. T™) s
Fredholm if and only
if Uand IT1"*(resp. IT*I'"™ are Fredholm. It
follows that 7 is Fredholm if and only if 7%/ is
by the facts that 7= U* T and T = UTU™
Above all, we have 0(T) = o.(T™*)),

Theorem 2.4

hen WelT ) = Wo(T ™),

Proof

We recall
that T= (‘i'l I—"Jf) andl = (:J [J]’) " where X and

Y are unitarily equivalent. Then we easily
have W.( X} = W.(F)

WX )T W.(T)C (W.(X)Uop"
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To complete the proof, it is sufficient to prove
thatO e We(T)if and only if 0€ WoAT™),
Suppose 0 € W.(T), If 0 ¢ W(T™)
then We(T™) = W.(¥) and 0 & o (T ™), By
Proposition 2.1, we also have ¥ go.T), It
follows that N(T) is finite-dimensional and X is
Fredholm. Then
Wo(T) = Wo(X) = Wo(¥) = WAT™) This is a
contradiction. Thus, U € W (T ™)), Conversely,
if 0 € Wo{T ™) we similarly have 0 € W(T),

Results and discussion

In this section, we give the main results of our
study. We begin with the following Lemma.

Lemma 3.1

Let T € B(H), Then
WolT") = (Wl T )" = [h:h € WplT )}
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Proof

= __ (o0 Twl {00
Let r'= (“ —‘f]and = (U f) with respect to
the space

decomposition H = N(T) @ NMT)* ang
H=NT"&p N(I*?‘ respectively,

where ¥ = UoXUy and U  is unitary.

Letd € C, then we

have | —* = (“_t‘f-"%), ™-a= (“_J-Y-Il),
andY — A = Uo(X — U5,
Then IX — All = ¥ — 4],
Case 1 N(T)#{0}

Then

|T— ) = max{[a), X = ][} = max{{ia]l, | ¥ = &)} = | T —].
Case 2 N(T)={0} and MT")={0}. In this
case, T—A=X—aTH _i=¥—a. Clearly
IT =kl =X =il =Y =2 = 1T — 5.

and N(T7) # {0},

Proof .

. Case 3 N(T)={0} and N(T7) # {0},
We may assume thatllTll =IIT7| =1 Then T — 3 = X — a. It follows
Suppose # € Wo(T'), Then there exists a unit that ”f.:' — Al =X = A Next  we show
vector sequence {xn } in H such Tl =¥ — 5 .
rl?la(z/vt\al we implies that Y is invertible. It follows that X is
'Iim H_,L.."‘ .‘L-”} _ {'1"_1..”1 T'.'L-”}l oo 'Iim ||{[l _ T# T].‘L'”...Y”}l :a‘IEO- |nvert|b|e MSIHCE X and Y are Unltar”y
"—ﬁ-??h oo imoli equivalent. Thus T = X is invertible and so
whict w2 13 Implies are Tand T*. However, MT7) # 0 This is a

lim (1 =T*T Yy x| =0 o
that M — o " ' contradiction
lim,_. 1 —T*T x| =0 ) —
Then 1 o (1= 7005l = 0 and Hence Y — A1l = [l and 1T — &l = ¥ — ]
hmy oo |77 T || = 1, In F ol = T
particular, limy o | Txy ]| = 1, Therefore 1T — 4[| = [|[T* — 4[],
Hence, _ Case 4 N(T)# {0} and N(T™) = {0}, The
Jim ({77, T} = (0, T = Im [T T — D, Toadof is similar to Case 3.
= hm (777 = Do, [T, || = 0. Remark 3.3

We now Let Ube a non-unitary isometry on H. It is

have

limy e (T4 Ty, Ty = limy s e . T = A
Here put ¥« = Tx/||Txull, Then {y,} is a unit
vector

sequence, limy—.oc |7 *¥x |l = 1 and

limy oo (T Vo, ¥} = 4, which implies
that # € Wo(T"), Then (WolT ))* € Wy(T7), By
symmetry, we have Wo(T*) = (Wy(T' )",

Lemma 3.2

Let T € BXH), ThenIT — 11l = IT™ — il for
all A € C,

known that I/ = Uy & U from the von Neumann-
Wold Decomposition Theorem, where U g is
unitary and U ; is a unilateral shift.

Theorem 3.4

Let T € BIH) Then WolT — 1) = Wo(T™ — M) fo
rall A € C.

Proof

Let A € C, we
T —a b " - —a D0

haveT_l:(“ X—*-)and : I_"“:(n r‘—,x)

with respect to the space

decomposition H = N(T) @ N(T )" angd

©2020 The Authors. Published by G. J. Publications under the CC BY license. 21
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H = N(T*) B NT )" respectively,
A and Y-4 are unitarily equivalent.

Case 1 N(T)={0} and MT™) =10} In this
casel — i =X — 4, T _ =Y -

where X-

The result follows.

Case 2 N(T)#{0} and N(T™) # {0},

IFIY —All = [[X — 4l = 4],

then_

WolT — &) = (A} L WolX — 20" = (AU Wy

(¥ —an" = Wo(T™ — 4) by Lemma 3.1.

IFIX —all =¥ —af = 4]

then WolT — &) = Wyl X — L) = WolY —A) =

Wo(T '™ — 1) by Lemma 3.2,

IFIX —All=1¥ —af <Al

then Wo(T — &) = {—4} = Wo(T™ — &) py

Lemma 3.1 again.

Case 3 N(T)={0} _and N(T7) # {0},

Then T — 4 = X — s and WolT — &) = Wy(X — &)
We next prove thatll¥ —4ll=I| Note

that AT = AT. Without loss of generality, we
may assume that L= 1.

We have
IT® =T =X=-1=|Y¥—1] =1
by Lemma 3.1 and our assumption.

In fact, if IT™ — 1] = IT — 1l < 1, then we have
that T is invertible. Then so is T. This contradicts
with the assumption of this case. IFIY =1 =1
thenlIT — 1l =1 Note thatUis non-unitary
isometry and I7 1'% is injective with dense range
since N(T)=0and NT*) # 0, Then for any

unit vector X € H, we have l{Tx.x)—1] =1
which implies
T |-.-":_- T l."Z_.
|||T|”3x||3(u SR 1 )—1‘51.
that! TPl rr=x
, |T|l."l_,': |T||.."Ix

x i ¥ = WfL'rj
Itisclearthat( W71 x| IIITI”“-‘CII>

Note that|7|"* has dense range. Then we can
choose a unit vector xoeH such
T l.-':_ T l.-':_.
( | |w"-':: ‘ | |U_r"-:: )Ef—l.ﬂ]
thatt Tl T " xall
Lemma 3.2. It

that
‘|||r|”2m||3(u 71 %0 1717 5o >_1‘}1
Tl 1T 7l

by
follows
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This is a contradiction. Hence [Y-1]|>1
and Wo(T '™ — 1) = Wy(¥Y — 1) py Lemma 3.2.
We then
have N
Wo(T 1™ — ) = Wy(¥ — ) = Wi(X — &) = Wiy(T — &)
by Lemma 2.
Case 4 N(T')# {0} and N(T7) = {0}, The
proof is similar to Case 3.

generally

We recall that an inner derivation determined
by A € B(H) is defined by 84(X) = AX — XA for

all X € B(iH), Stampfli in 8 gave the
norm I3l of 6 4 by using of maximal numerical
range, that is,I#all =inf{|T7 —4]: 4 € T} By
Theorem 3, we have
Theorem 3.5
LetT € BiH),

Woll )y W{T‘J

IFIT 1 = 1T, then Wo(T') € Wo(T ).
Proof

Without loss of generality, we may assume
that 171l = 1,

Let AeW ((T), then there exists a unit

vector sequence of {x,} inH such
that 1imy,—.oc [| x|l = 1 and 1imy— o0 (T, Xy} = A

which implies
H 2
that limy . |||T ) =1 and
limy, o [(1 — |T x| =0,
im ({7, %) — (T1 7120, | TV 220}
R—20

= lim |{Tx,, x5} — (U] T |x, | T |}

R— 00

= IilT] ||:T|.YJ;.EI - |T|']-Y.li‘}|
RB=—00
= Im (17, (1 = 1T, )| = 0.

Hence — B It
follows  that limy, oo (TIT [V2x, | T " 2x,) = &,
Here put ¥» = |T |”2-’fm'r(”|T | Uz-x.la”}. Then {yn }
IS a unit vector sequence
and limy, . ~ {?}'!J~ Yal = -*""-, and
therefore » € W(T').

We have ITN =T =1,

Suppose # € WalT'), Then there exists a unit
vector  sequence  of  {x,} _inH such
that limy—oo [| Tyl = 1 and limy— oo (Tp, X)) = A
. It easily follows
that im0 [[17 |Y2x,]| = (I |'/%|| = 1 and
then limy o [[(1 — [T )y || = 0O, We

easily
have lim,, o [I(L — |7 [))x,]| = 0 also.

©2020 The Authors. Published by G. J. Publications under the CC BY license. 22
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Thus Iimu—r.’!: ”TlT ||"II1-"-rJ " = [4]
limy, no (| T Pxy. x4} = 1 = ||T].
On the other hand,
N [5]
Bm (T, ) —(TIT1 0, 1T 1 200)]
= lim [{(UIT]"x 1T 20 b= { TIT] 50 1715000
I [6]
= lim [(UIT]' = UIT|IT|"2) x,, 17101
= lim |[{(UIT1"?) (1= |T ) o, 17120
= Em JUIT I = 1T Dxall DT 1)) =0,

Here put ¥ = T |J'JIE-TJJ,"'.[|||T | I":z-'-'.w”},

Then {y,} is a unit vector sequence [7]

and limy o | Tyl = 1Tl = 1 and

limy . oc (T, ¥u) = 4. Thus AEW ¢ (T).

Conclusions

If we let H to be a complex separable Hilbert

space and we let B(*) be the Banach algebra of [8]

all bounded linear operators on H, we have

characterized Aluthge transforms in Banach
algebras. We have considered the classical and
maximal numerical ranges of these transforms

and finally we have given their relationships.
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