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Abstract

In the present paper, instead of using Hilbert space as the most rotund Banach space, we pick a Fréchet
space as a unique Banach space and characterize midpoint locally uniformly rotund Banach spaces.
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Introduction

Let (X, I. I) be a Banach space. The
following questions have over 20 years of
history. They were first asked in 1989 at the
fixed point and applications conference in
Marseille, Luminy [1]. The standard method of
measuring the rotundity of the unit ball in X is
through the modulus of convexity,

53‘ [012] — [011] of X,
| 11xll < 1, lyll < 1,}

1— xty
8yl=)= inf{
lx—yll=e

and the characteristic of convexity,
£,(X) = Sup{s:6,(=) = 0}.
The modulus of convexity has two-dimensional
character, meaning that

§y(2) = inf{f;(e):E c X,dim E = 2},
It is known that the Hilbert space H is the most
rotund space among all Banach space X, in the
sense that

6x(€) < 6u(e) =S ()=1- 1-5

where E, is the two-dimensional Euclidean
space. Now, fix a € [0,2) and consider the class
£, of all two-dimensional spaces (E, I .I) having
g(E) = a.

Which of these spaces is the most
rotund? It can be formulated in the following
questions: (i). Given ¢ € [a,2), what is Sup {de
(€): E € €4}? (ii). Is there a space E, € &, : Je(e) <

oea(e) V E € &,? (iii). Moreover if the answer to
these questions is positive, is such a space E, in
some sense unique? The authors in [3]
considered spaces L” and I” for P > 1 and proved
that they are uniformly rotund. The author in [4]
later considered the Banach products of I type,
while the authors in [5] expanded the results in
[4], enlarged on the family of uniformly rotund
Banach spaces and established analogous results
for the notion of rotundity of the norm in a
Banach space. In our case, we consider a Fréchet
space and characterize a midpoint locally
uniformly rotund Fréchet spaces. To do this, the
following definitions are required.

Research Methodology
Definition 2.1[6, Definition 1.5]

A Fréchet space is a complete Hausdorff
metrizable locally convex topological vector
space. A trivial example of a Fréchet space is a
Banach space.

Definition 2.2 [5, Definition 1.1]

A Banach space (X, I.I) is Rotund(R) if
given x, y € 5 with x=y, then || ﬂ|| = 1.

Definition 2.3[2, Definition 1]
Let X be a Banach space and let 4; be a

collection of nonempty subsets of X\{0}. For
xE50<es=<2andA € 4,, define
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5(x,,4) =inf{1 - [3(x +v)
vl = £}

And x —v=az¥Vz€ A;. Then X is said to
be LUR,_if and only if &(x, e, 4)e = 0 for any
xES5,0<z<2and4 € 4,.

Definition 2.4. [5, Definition 1.2]

Let (X, I .I) be a Banach space. (X, I .I) is
Uniformly Rotund (UR) if given ¢ > 0, there
exists 0 > 0 such that

Hx-l_:!’I

|:_1_.=E5,||x—

=1-46

whenever | X —y | > ¢ and X, y €5;. The
function ¢ : [0,2] — [0,1], defined by

x+y
-y
2

§yle)= inf[

DX,V ESE,{
lx—vll =z &

is called the Modulus of Rotundity(convexity) of
the space X.

Definition 1.5. [2, Definition 8]

A Banach space B is Midpoint Locally
Uniformly Rotund (MLUR) if whenever X is in
B and {x} and {y} are sequences in B such that
IXI=1, 1 x,1— 1,

Iy, I— 1and 12X — (x, + ¥,,) I— 0, then
[xu — VM )_> 0.

A Banach space X is Midpoint Locally
Uniformly Rotund (MLUR)(weakly midpoint
locally uniformly rotund(WMLUR)) if for each
>0 and x € 5;.8(s,x) = 0,(8(sx, f) = 0)
foreach f € 5.

Results and discussion
Proposition 3.1[2, Proposition 2]

For a Banach space X, let A be the
collection of all norm closed and bounded
nonempty subsets of X \ {0}, let B be the
collection of all weakly closed and bounded
nonempty subsets of X\{0}, let C be the
collection of all weak® closed and bounded
(equivalently, weak® compact) nonempty
subsets of X*\{0} and let D be the collection of
all norm compact subsets of X \{0}. Then (i) X
is LUR if and only if X is LURA.

(i) XisWLUR if and only if X is LURg.

(i) X*is W'LUR if and only if X" is LURc.
(i) X is R if and only if X is LURp.
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This result leads us to the following theorem
Theorem 3.2

For a Fréchet space (E, I .I), let £, be the
collection of all norm closed and bounded
nonempty subsets of E \{0}, let =£;be the
collection of all weakly closed and bounded
nonempty subsets of E \{0}, let £; be the
collection of all weak® closed and bounded
(equivalently, weak® compact) nonempty
subsets of E*\{0} and let £, be the collection of
all norm compact subsets of E \{0}. Define &,
as the collection of all weakly compact
nonempty subsets of E \{0} and S(e;r) = {e €
E :d(e, eg) <r}. Then
(i) (E, I'. 1) is MLUR if and only if (E, I . 1)

is MLUR,_ .

(i) (i) (E /I .If) is WMLUR if and only if (E,/ ./[)
is MLUR, _.

iii) (E, I. 1) is R if and only if (E, I.I) is
MLUR, and if and only if (E, I .I) is
MLUR,

Proof:

By Proposition 3.1, statements (i) and
(i) follows hence trivial. We therefore need to
proceed and prove (iii). To do that, we note that
(El ) is MLUR. implies (E, I .l
is MLUR_ trivially and (E, | .I) is MLUR_
implies (E,I .I) is R follows. We need to show
also that (E, I .I) is not R if (E, I .I) is not
MLUR, . Assuming (E, I .I) is not MLUR_,
there exists e in 5,0 < e < 2 and &} € g, with
T(e,e,e5) =0. We then choose arbitrary
sequences {a,} and {b,} in S, such that
|I2IE - (ﬂ” + bnj” —* ':l, |I(au - b:lzj = Ell and
(a, — b,) = a,&’ where &}, € £}. Since ; € &,
by passing to subsequences, it may be assumed
that ay — o where @ =0 and &, — £° weakly
where £* is in ;.

Let CI=E+%EIE$ and b=e—%cxs‘. Then,

since a, + b, — 2e and a, — by, — a&* weakly, it
follows that a, — a weakly and b, — b weakly
and hence | al< 1 and | bi< 1. But | a + bl=2
and so in fact a and b are in S. We further note
that a —b = as*and =" = 0 since £ isin £5.

Theorem 3.3

Let (F.IIl. 1) be a Fréchet space. Then
the norm Il is not MLUR.
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Proof:

For f=(f%f"..) in F, let

L= (0, f7,...) and define the equivalent norm

I Flls =max{|f*], I x*1,}. Let {a,} be a
sequence of positive real numbers decreasing to
zero and define the continuous linear injection
T:F = F by

T(fY 4.0 = (fY aof % asf®,..).  For
f € F define Il f = (Il f I3+ T I3)=- Then
-+ is an equivalent norm on F. We claim that
the norm Il 1l is not MLUR. To see this, let

& = (=) and let

x=ae,x, =ale, +e,) and
v, = ale; —e,). Then
lx =1, I, L= 1,0 ¥, I~ 1 and

” 2x — (x:lz _}F:lzj “‘r’_> l:'; but

” xu - };r:l! ”‘f—:’ \"lz'
Theorem 3.4

Let (E, Il.I) be a Fréchet space of .,
type. If E contains Cy, then E does not admit
any equivalent MLUR norm.

Proof:

Let ([|].|l]) be an equivalent norm on E.
Then this norm is not MLUR. To show this, we
let W.={feEl.=1 P\Sup(f)} is
infinite,
R=Sup{lfUl:few, r=inf{lfll:feW]}..341L
Choose an element f. of E such that

s l= HRETJ”E} . Then select two disjoint
infinite subsets P, and P; of P\ Sup(f.) with
eP, € E for some k;€P;, we define
P; = P\{k;} and
letW, ={f eW.:f(n) =f.(n)} ¥n not in
P,(i=0,1) e res e .. 342, Suppose that

some g € @, with lgl < n, W, is specified then
put

R, = Sup flFn:fe Wy, 1, = inf{|||
Fll:fEW,}.....343

Then let f, € W, satisfy | If, Il |> 272
and take two disjoint infinite subsets £;_and F;,
of F,\Sup(f,) with eP/ €E, put

P,. = P, \{k, } and define

W, ={feW,:f(n)=f(n)} ¥n not in
P(i=01) .. 344
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Thus by induction on |gl, we obtain a family
{W,_},q Of subsets of (E,II. 1), a family {f,]} of
elements of E, a family of {F;} of infinite
subsets of P and a family of integers {K} with

the following properties.
W, is of the form

W, ={feW,:f(n)=f,(n)} ¥vn not in
B.(i=01)VqEQ....445 and
f(k,)=0v q€Q,(i=01) where R, and
denote the supremum and infimum of
{In £ ul: f € W, } respectively.

whenever g < h and P,NP,=p, if h and g are
not comparable.

for ¢ < h.By (v), {#,},c, defined by

ﬂs :f;'! ﬂqz’ = fqz'_f r

(i =0,1) e e e e eer e o346

, is a disjoint family of elements of (E.|l.ll). By

the tree completeness of E, there exists some
e € {0,1}" such that

f(E)=f.+ Z By EE o 347

3
neEM

Let {k,(n)} be a subsequence of {k. } such
that e; € E, where

H = {k, 1.k, 2 ). Also let
Hu = £k,'.u:n}’ k,u(:lHl}"" and Yo = EH,,' By (I)
and (i),

ﬂ::+1 = fE +Fu+1 and ﬂu+1 = fE — ¥4y are in
W, . Next , select some & € E* such that
8(v,) =1 and &(F) =0V J € C,. For such an
element & and n € P, we have 8(v,) = 1. By
(i), 2f.—few,,, thus
[n2f, —fIl<R, V fEW, andn€P.
It follows that

(3R , )
fo=sTnmi < 2f, ISR, +

-

WFULYfEW, 438

and so

(3R5| . +r€| ]
- Tmr mltep 4y, <R, 4<r, VnEP..439
elp T ely Elp_y fp-1

2 n
Therefore
(Re. . +rg ]
RE'.‘I _rElnEREln_ En_j S E'!I.'-i‘El.'l—'_ -
I:RE n—1 e .'1—'_:| — I:RE n—y E .'1—'_:|
..4.3.10 ]
The above relation shows that
MoZ W —AN<R, —7y <
;1

Eln—y " TE .'1—'_:| = Rg—rg

- Al

........ L4311
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Hence that (E,|l.lI) does not admit any MLUR
norm.

Conclusions

Rotundity of norms in Banach spaces has been
studied by various authors over a period of time
now. Some of the properties of rotundity that has
been in the heart of authors include: Uniformly
Rotund, Locally Uniformly Rotund, Midpoint
Locally Uniformly Rotund, Weakly Uniformly
Rotund, Uniformly Rotund in Every Direction,
Highly Rotund among others. We have
characterized and shown that Midpoint Locally
Uniformly Rotund norms exist in Fréchet space.
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