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Abstract

In the present paper, we investigate conjugacy classes of subgroups of a fixed but arbitrary group where
the definition of these subgroups is made entirely within the structure of the group. We have shown that
these subgroups are analogous to F-injectors of the group where F is a locally defined Fitting class, but
preclude the existence of such a class in their definition. Moreover, the subgroups used to define the
subgroups of such a conjugacy class are analogous to the F(p)-radicals of the group.
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Introduction

Recent work of [1-3] have suggested an
internal approach to certain problems that have
involved global considerations. It is the purpose
of this paper to continue the investigation of
these problems in the same manner. All groups
considered are assumed to be finite. Fischer
introduced the notion of a Fitting class of groups
[4]; that is, an isomorphism closed class F of
groups such that if G e Fand N G, then N € F,
and if N; e Fand N; < G fori =1, 2,..., then
N:N, € F. From this definition it is clear that
every group G has, for every such F, a unique
normal subgroup that is maximal with respect to
belonging to F [5]. This subgroup is called the
F-radical and is denoted by G;. If F is any
Fitting class, then an F-injector of a group G is a

subgroup V of G such that V n N is a maximal
F-subgroup of N {i.e, VAN e FandVnN=L

whenever VN N <L <N and L e F) for every
subnormal subgroup N of G.

In [6] it was shown that every solvable
group possesses a unique conjugacy class of F-
injectors for every Fitting class F of solvable
groups. The work in [7] introduces the notion of
a locally defined Fitting class F; that is, F equals
to where, for each prime p, F(p) is a Fitting

class. This, of course, may easily be considered
to be a kind of dual of a locally defined
formation X; that is , where, for each prime p,
X(p) is a formation. A formation is an
isomorphism closed class Y of groups such that
ifG e Yand N G, the G/N € Y, and if G/N; €

Y for i = 1,2, then G/N; n N, € Y. On a more

basic level, formations and Fitting classes may
be considered duals of each other [8].

The normal subgroup closure property of
Fitting classes may be thought of as a dual
notion of the homormorphic image closure
property of formations. Likewise, the normal
product closure property of Fitting classes may
be thought of as a dual notion of the subdirect
product closure property of formations. The
properties of a Fitting class motivate the
definition of a type of function, for each prime p,
from the set of subgroups of a fixed but arbitrary
group G to that set again. The set of the
subgroups in the images of the functions satisfies
properties similar to those of a Fitting class.
These subgroups are then used to define a set of
subgroups of G that is analogous to the set of
subgroups of G contained in a locally defined
Fitting class. It is then shown that if, for certain
normal subgroups in the images of the functions,
G modulo each of those normal subgroups meets
certain requirements generally less restrictive
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than the solvability of G, then G possesses a
unique conjugacy class of subgroups, analogous
to a conjugacy class of F-injectors for some
Fitting class F, and possessing similar properties.
The requirements which the factor groups
mentioned above must possess are closely
related to one used in [9] in extending the class
of groups which have a unique conjugacy class
of nilpotent injectors beyond solvable groups.

One of the results of this paper is that the
injector-like  subgroups arising from the
functions discussed earlier are completely
determined by the nilpotent injectors of a certain
factor group of G. It is also demonstrated that
while every locally defined Fitting class may be
interpreted as a set of appropriate functions, the
converse does not hold. We also extend the
internal approach to the results on homomorphs.
A homomorph is an isomorphism closed class %
of groups such that every homomorphic image of
a group in J€ lies again in #. A homomorph €
is said to be primitively closed if G € #
whenever G/cores(M) e %€ for every maximal
subgroup M of G. A subgroup S of G is said to
be an F-projector of G is S € J and L = SL,
whenever S<L <G, L, Land L/L, € #. (The
definition is the same when % is a formation).

The author in [10] defines a homomorph
of solvable groups to be saturated if every
solvable group has an €-projector. A result of
[3] shows that a homomorph € of a solvable
group is saturated if and only if it is primitively
closed. The relationship between %€-projectors
and primitive closure is exploited in the
definition of a type of function that ultimately
yields the desired results. Given a fixed but
arbitrary group G, this type of function maps
ordered pairs, each consisting of a subgroup of G
and a conjugacy class of maximal subgroups of
that subgroup, to subgroups of G. The set of
image subgroups possesses properties similar to
a homomorph. Again the image subgroups are
used to define a set of subquotients of G
analogous to the set of subquotients of G lying in
some primitively closed homomorph. If the
group G satisfies certain conditions, dependent
upon the function and generally less restrictive
than solvability, then G is shown to possess a
unique conjugacy class of subgroups with
properties similar to those of an F€-projector for
some primitively closed homomorph F. As a
duel of an F-radical, one sees from the definition
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of a formation X that for every group G there
exists a unique normal subgroup N of G such
that G/N is the largest factor group of G lying in
X. That subgroup is called the X-residual of G
and is denoted by G*. For a locally defined
formation.

In [2] they investigated a generalization
of system normalizers, namely X-normalizers.
An X-normalizer of a solvable group G is a
subgroup D of G of the form. These subgroups
were shown to have properties similar to those of
system normalizers: they form a unique
conjugacy class; for each prime p, they cover the
p-chief factors of G centralized by and avoid the
p-chief factors of G not centralized by; and they
are characterized as minimal members of certain
chains of subgroups of G. It is shown in [5] that
there exists a solvable group G and primitively
closed homomorph %€ such that G ¢ € but G
has no subgroups of the type that characterize
formation normalizers. Thus, [2] defines
homomorph normalizers as minimal members of
certain chains of subgroups, similar to the
characterization of formation normalizers; and
then restricts the class of groups under
consideration to those satisfying the appropriate
condition regarding the existence of the
necessary subgroups. For a fixed but arbitrary
solvable group G, reserchers have defined
separate types of functions from the set of
subgroups of G into the same set. In each case
they defined a set of subquotients of G
analogous to the set of subquotients of G
contained in some locally defined formation.
They then proved the existence of subgroups in
the respective sets of subquotients of G with
properties similar to those of either formation
projectors or normalizers.

Next, we show that each such function
induces a function of the type considered in this
work in a natural way. We note that the
normalizers considered are defined as minimal
members of certain chains of subgroups. In
addition to this method of definition of formation
normalizers and the one mentioned earlier, the
author in [7] defined formation normalizers as
the formation projectors of certain subgroups of
G. In the solvable case, these three methods of
definition yield the same conjugacy class of
subgroups. The underlying emphasis of this
paper is a return to an internal approach to
questions heretofore given global consideration.
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In classical formation theory or Fitting class
theory, the typical theorem schema is: “If F is a
formation of solvable groups, then every
solvable group...”, or “If F is a Fitting class of
solvable groups, then every solvable group...”.
By eliminating the large class of groups, we are
able to consider the classical questions on a
group-by-group basis with the theorems bearing
the typical schema: “If G is a group, X a certain
set of functions from the set of subgroups of G
into the same set, and G satisfies certain
conditions dependent only upon X, then...”.

Research methodology

In this section we give techniques used to
investigate conjugacy classes of subgroups of a
fixed but arbitrary group where the definition of
these subgroups is made entirely within the
structure of the group. These subgroups are
analogous to F-injectors of the group where F is
a locally defined Fitting class, but preclude the
existence of such a class in their definition. The
subgroups used to define the subgroups of such a
conjugacy class are analogous to the F(p)-
radicals of the group, but again obviate the need
for such Fitting classes. These defining
subgroups are then used to characterize the
injector-like subgroups as subgroups that are
maximal with respect to a certain property. In
the case of F-injectors of a solvable group, where
F is a locally defined Fitting class, this property
is “maximal with respect to being an F-subgroup
containing the F-radical.” This property is
shown to be equivalent to being a maximal
nilpotent subgroup of a certain factor group
containing the Fitting subgroup of that factor
group. It is shown in [4] that this property
characterizes nilpotent injectors; thus these
subgroups, modulo a certain normal subgroup of
the group, are precisely the nilpotent injectors of
that factor group.

The defining subgroups are also used to
find conditions on the group, usually less
restrictive than solvability, for which the usual
results remain valid. The conditions are closely
related to nilpotent constraint (i.e., Cs(F(G)) <
F(G)) which was wused by [8] in the
characterization of nilpotent injectors mentioned
above. The subgroups used in the definition of
the subgroups of the conjugacy classes will be
the images of certain functions which in a sense
select the F(p)-radicals of the subgroups.
Indeed, any Fitting class F induces this type of
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function by mapping each subgroup to its F-
radical. However, example 2.4.b demonstrates
the existence of such functions which do not
arise in this way from any Fitting class. Thus the
type of functions defined below may be thought
of as a generalization of the radical in the
classical theory.

Definition 2.1.

Let G be a group. A normal intersection
conjugacy functions of G (NICF of G) is a
function Y from {H | H < G } into itself
satisfying the following conditions:

i. foreveryH<G, Y(H) H;
ii. foreveryH<GandgeGg, ;
iii.  IfK H<G, then Y(K)=Y(H) n
K.
(We note that condition ii and Y(H) < H imply
Y(H) H.)

Definition 2.2.

Let G be a group. A normal intersection
conjugacy function system of G is a collection
{Y,} of NICF’s of G, one for each prime p.

Definition 2.3.

Let Y = {Y,} be an NICF system of a
group G. Then define Y(G) = {Y,(H) | Y, € Y
and H < G } and call Y(G) the image of Y in G.

Example 2.4.

Given a group G, we define an NICF, Y/,
of G for each prime p by Y,(H) = O, , p(H) for
each H < G. Then is clearly an NICF system of
G.

b) Let K be a noncyclic group of order

4. Let and define Y by and. ThenY
is an NICF of K, but for every H <
K, Y(H) is not the F-radical where F
is a Fitting class since G e F
whenever .

Definition 2.5.

Let Y be an NICF system of a group G.
Then define . Call the Y-set of G.

Remark 2.6.

If is a locally-defined Fitting class of
solvable groups, then for a solvable group G, {H
|[H<GandH e F} ={H | H < G and for each p,
H/H:) € S, S} = {H | H < G and for each p,
H/Hg, is p-nilpotent}. Thus is meant to
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correspond to the set of subgroups of G
contained in a locally defined Fitting class.

Every locally defined Fitting class gives
rise in a natural way to an NICF system of a
group G. For each prime p, define a function Y,
by where H is a subgroup of G and is the #(p)-
radical of H. Then it is easy to see that Y = {Y,}
is an NICF system of G and for a subgroup H of

G, HeHifandonlyifH e.

However, there is a group G and NICF
system Y of G such that there is no Fitting class
F such that for H < G, ifandonlyif H € F. The
following example also shows that may not be
isomorphism closed.

Example 2.7.

Let, the direct product of two copies of
the symmetric group on three elements. We
define an NICF system of G in the following
way:

Y={Y,|Yy(G) =G forp=3and YyG) = %5,
and for H < G, Y,(H) = Y,(G) n H}. Then and
since "is not 3-nilpotent. However, Y;(Z;) = X,
and Y,(Z;) = X; , and so . Thus is not
isomorphism closed, and hence there is no
Fitting class F such

that{H|H<G andHeF }=%(G).

Definition 2.8.

Let Y be an NICF system of a group G.
For each subgroup H of G define
Hy =] T{NIN<HandNe¥(G)} and call Hy
the Y-radical of H. (We note that
H,, € Y (G) by Theorem 3.1. below).

Results and Discussion

We now show that for a give NICF
system Y of G, has certain properties in
common with Fitting classes.

Theorem 3.1.

Let Y be an NICF system of G. Then the
following hold.

1) If  N<H<GandHe¥Y(G),
then Ne?Z(G).

2) If
N;<H<GandN, eY(G) for i
=1,2,then N;N, eY(G).
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Proof. 1:
If H e‘l](G), then for each prime pand Y, € Y,
H/Y ,(H) IS p-nilpotent. Since
NY, (H
N__ N = ) we have for
Yo (N) Y (H)IEN Y, (H)
each p, N/Y,(N) is p-nilpotent and so
Ne?Z(G).
2.  If N;eY(G) fori=1, 2, then
N, . :
f h dy , ' -nilpotent.
oreachpand Y, € Y Yp(Ni) is p-nilpoten
Since
N, < N;N,, Yp(NlNz)mNi =Yp(Ni), i=12.
: N.Y, (N;N
Thus N, ~ ! » (N:N:) is  p-
Yp(NlNz)m N, Yp(NlNZ)
nilpotent and SO
2 N,Y,(N;N,)
' -nilpotent.
Y(NN 1,_1[Y(NN) is  p-nilpoten

Thus N;N, € % (G). This completes the proof.

Q.E.D.
Theorem 3.2.
Let Y be an NICF system of G.
1) If H< G, then for each
Y, €Y, Y, (H)<G.
2) For every subgroup H of G and
Y, € Y Y, € Y, we have
Yo(Yo(H)) = Yy(Y(H) =

Y,(H)nY,H). In

Yo(Yo(H)) = Y,(H).
3) For every subgroup H of G and g

e G, (Hy)"=(H9)u.

particular,

4) For K< H<G, K, =H, I K.
Proof. 2:
For every geG and Y.eY,
Y, (H) =Y, (H)=[Y,(H)]".
2) Since Y,(H)<H, we have
Yo (Yo (H)) =Y (H)1 Y, (H).
Similarly,

Y, (H)< Himplies Y, (Y, (H)) = Y, (H)1 Y, (H)-

P q
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3) Since Hq/Y,(Hy) is p-nilpotent,
(Hy )
[Ya(Hy)]
(M)
w[(n)] J
) < H
)

is p-nilpotent and so

is p-nilpotent. Thus

(Hy
(Hy) €Y (G) and S0
(H ) ( ) . the same

argument we have

[(w)u]“s[wg)“}m.

Thus (Hg)y S(Hy)g and therefore

(Hg )u = (Hy )g as desired.

4) Since
Hy I K< Hy, Hyl KeY(G)a

nd so H,I K<K,. By 3)
above, for every h e H,

h h .
(Ky) :(K )y =Ky. Thus K is
normal in H and SO

Ky <H, I K. Therefore
Ky =H, 1 K. This completes
the proof.

Conclusions

The present paper characterizes the notion of a
locally defined Fitting class of solvable groups;
that is, a Fitting class of the form where F(p) is a
Fitting class of solvable groups for each prime
p. As mentioned in the introduction, this seems
a natural way to dualize the concept of a locally
defined formation of solvable groups; that is, a
formation which may always be written in the
form where #(p) is a formation of solvable
groups for each prime p. In this chapter we
investigate conjugacy classes of subgroups of a
fixed but arbitrary group where the definition of
these subgroups is made entirely within the
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structure of the group. These subgroups are
analogous to F-injectors of the group where F is
a locally defined Fitting class, but preclude the
existence of such a class in their definition. The
subgroups used to define the subgroups of such a
conjugacy class are analogous to the F(p)-
radicals of the group, but again obviate the need
for such Fitting classes. These defining
subgroups are then used to characterize the
injector-like subgroups as subgroups that are
maximal with respect to a certain property.
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